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Geopotential models are generally expressed in terms of normalised co-
efficients C} , while the coefficients Cj,,, used above are referred to as non-
normalised. The relation between C} and Cj,, is

. (I 4+m)!
Cim = \/ (= m)2l+ 1)(2 = 5gm) '

where dg,, is the Kronecker symbol, equal to 1 if m =0 or 0 if m # 0
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1EM: S.A. Holmes Jounal of Geodesy 2002

A unitfied approach to the Clenshaw summation and recursive
computation of very high degree and order normalised
associated Legendre functions
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subroutine Legendre (PG, PZ,N,u)
e - —_—— —_—— subroutine comment

! Purpose : JEMEETEINEEEMACHEIETAEIETR
Buthor : Song Yezhi <song.yz@foxmail.com>
Versions and Changes

V1.0 ———-2014-02-17 15:11:24

BRI EIERZ E— A Eh i S TR,
BiEiE N (MRBEUEE)
H g aiE AR 22
v2.0 ———-2014-02-27 17:10:28
BiEGESEEVL.0AR, S5UTFARE
S.4. Holmes Jounal of Geodesy 2002
L unitfied approach to the Clenshaw summation and recursive
computation of very high degree and order normalised associated
Legendre functions

Input Parameters

U-—————————— HEE
EE

u-5EFRA9 sin(phi)
phi BT SFBRUFRTRISEE

output Parameters

PG(N,N) ——————JH— B TR E IS

PZ (0:N) ————————— IH—A{bEhik g £ m A A 1R
EFE:

PZHIFEFRR M OB FTEE, OFT AR E

PGHIFBFR M T FF I8

Subroutines used :
*. geo_legendre (PG, N, u)
*. zone legendre (PZ,N,u)

Copyrigt (C)
Center for Astro-geodynamics
Shanghai Astronomical Cbservatory

i o EEBEIELT (TS AR, SEHRa)

implicit real*8 (a-h,o0-z)
real*8: :PG(N,N),PEZ(0:N)

call geo legendre (PG,N,u)
call zone legendre (PZ,N,u)
contains
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| subroutine geoc_ legendre (PG,N,u)
fb—_——————— subroutine comment

! PFurpose : 1+¥U3—ftiéfur¢%$ﬂﬁi’i$:éﬁ
! RZuthor : song.ys
! Created : 2014-02-10 20:06:19

Input Parameters

Cutput Parameters

e (w,5) JE—iLEHiEEE T

implicit real*8(a-h,o-z)
real*d::PG(N,HN)
PG=0D0
PG(1l,1)=dsgrt (3¥(1l-u*u))
L ERRE EiEW
|de T=2,N
TMP=(240*L+1) /2D0/T* (1-u*u)
TMP=dsgrt (TME)
PG (L, L) =TMP*PG (L-1,L-1)
lend do
IINEZFIFIETE., ERINEZTF, |FE—FIABETNESETERE
IATR&STWERE, E—FEE, ALK EPTES, EEEEERE
||de M=2,N-1
|| do L=M+1,N
tmpl=(2d0*L+1D0) * (2D0O*L-1D0) / (L+M) / (L—M)
| Etmpl=d5qrt(tmp1)*u
{ tmp2=(2d0*L+1) * (L-1D0+M) * (L-1D0-M) / {2DO*L-3D0) / (L+M) / (L-M)
i tmp2=dsgrt (tmpZ)
{ PG(L, M) =tmpl*PG (L-1,M) —tmp2*BG (L-2, M)
! end do
lend do
P rEE—F
M=1
||[de T=2,N
tmpl=(240*L+1D0) * (2D0*L~1D0) / (L+M) / (L—M)
| tmpl=dsqgrt (tmpl) *u
tmp2=(2d0*L+1) * (L-1D0+M) * (L—1D0-M) / (2D0*L~3D0) / (L+M) / {L—M)
| tmp2=dsgrt (tmp2)
| if (L==2) then
PG (L, M) =tmpl*PG (L-1,M)
| el=e
PG (L, M) =tmpl*PG (L-1,M) —tmp2*PG(L-2,M)
end if
‘lend do
-end subroutine geo legendre
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subroutlne zone legendre (PZ,N,u)

————————————————————————————————— subroutine comment

Copyright :  Shanghai Astronomical Observatory
Luthor : song.vyz
Purpose :
Version & Changes
Vv 1.0- (Created)-————- 2014-01-14 15:31:4¢
IH—{tLegendreFi¥ M £ M i+ E B
(FLRBHIEER) ---P109

EE: i Iﬁf%ﬂfﬂ:ﬁ EETUEESHRIERFATHERTEH
TER TN J;’yklfFF?E‘E‘h MRBEm MRS, MHPHF—

S — S I B
U————————————— HEE
Cutput Parameters :
Z(0:N) —————————— IH—1{tlegendreFHiE T B E{E

implicit real*8(a-h,o-z)
real*8::PZ(0:N)

PZ (0}=1D0
PZ(1l)=dsgrt (3d0) *u

-ldo i=2,N

TMP1=(2D0-1D0/1i) *u

TMP2=dsqrt ( (2D0*1-1D0) / (2D0*i-3D0) ) * (1D0-1d0/1)
TMP3=dsgrt ((2D0*1+1) / (2d0*i-1))

PZ (1) =TMP3* (TMP1*PZ (i-1) -TMP2*PZ (i-2))

—lend do
—-lend subroutine =zone legendre
— end subroutine Legendre
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Y 6.0) == i sindel® =— /& (x +iv)/r
YP[E‘,QD:I =/ Z_'% cost = v f? z/r
Y[_l{fi'- @)=+, EBF sinfl e =/ 33‘? (x —iv)/r
Yzztas@:' = % 3sin’ fe2iv =3 % (x2 =32 4 2ixy)/r?
Yz} 6, ¢)==/ % 3sinfcosh e’ = — f% 3z(x +iv)/rt

5 3 1 5 3 1
ng,@}:,fﬁ(ajcuszﬂ—i): E(Ezz—jfz)!‘rz
Yy '8, 9) =/ 51z 3sinfcosfe ¥ = +./ 7= 3z(x — iy)/r?
Y520, ¢) =/ gis 3sin20 29 =3, /03 (2 = 32 = 2ixy) /s

Y3(0.0) = =/ sggo= 15sin’ 0 39 == | =T 15[x3=3xy? +i(3x2y = y3))/r?

T
T

m=0, I=0

m=0, I=1 m=1, =1

Y;(EJ,@: ﬁ 15cos @ sin® 6 e2¥ = @153&2 =y +2ixy)/ P

]’31 (8, ¢)= —‘/g(%caszﬁ - %) sinf ¢/ =— 4_8% (%—’22 - %rz)(x +iy)/r?
Yg’(ﬁ,m: @(% cos> f — %cusﬁ): ‘/gz (%zz - %rz) /r?

Y;l{ﬁ'. @)= +\/g(-l;cmzﬁ - %) sinf e ¥ = \/g(%—zz - %rz)lx —iy)/r?

Y;Z{B. W)=,/ ﬁ 15cos@sin® 0 e 2% = ﬁ 15z(x2 = y2 = 2ixy)/r?

m=2, |=2

m=1,1=3

Y330, 9) =+ gz 15sin® 03¢ = [ sl 1503 =302 —i 32y — y )73

Shapes of |ReY," (6, @) for0<i<3,m=0...1
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U(r, 9, (p) = T |:: — Z Z (_) [CimY,fIf(B-.r ‘P) + Sr'my,ﬁg(gw 40)]:|

Y (6,9) = P"(cos@)cosme, Yo (0,¢9)= P"(cosf)sinmep.

Gravity Field Coefficients

Coefficient” Earth Moon Mars
Cao 1.083 x 10~3  (0.200+£0.002) x 10~3  (1.96 +0.01) x 103
Ca 0.16 x 10~ (24+0.5) x 107 (=5+1) x 107

S79 —0.09 x 107> (0.5+0.6) x 107> (3+1)x 107
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e*'? sin 6 Y'"=7F

i[ﬂ¢ﬂﬂ¢m—DTﬁrﬁ1

2l + 1)(2] + 3) [+l

G =m+m) 7,
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sin
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sin
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2w
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[=0
(Il —m
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)!

| Pi(sin ) P(sin )

|
- Pim (sin ) cos mAP,,, (sin 3) cos ma

[ — |
+2 Z Ef n 2)[ Py, (sin ) sin mA Py, (sin 3) sin m&] dM

l
Z (Ogm cosmA + Sp, sin m/\) Py, (sin @b)]
m=0
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1 R 29 w/2 ,
Clo = / / / Py(sin 8)dM (p, e,
0= W R 0 oo S o Il )dM (p )

_ I
Chyy = 2_( m);/‘/‘/piﬂm(sinﬂ)msm&dﬂf
'S, Ja

_ |
Sin = 2 U m);/ffpiﬂm(sinﬂ)sinmadﬂff
V', Ja
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U(r,\,¢) = g {Cnnpﬂ(Siﬂ V)

+ (?) {C‘mPl(sin ¥) + (Cr11cos A + S118in A) Ppy (sin @L’)]

2
+ (g) |:CQHP2(SiII ’lf)) + (Cgl cos A + Sgl sin }\)Pgl(siﬂ '(,b)
+ (Ca2 cos 2\ + S22 sin 2)) Paa(sin w)} } .

Py(sinB) =1, Pi(sinf)=sinf, Ps(sinf) = (3sin*s—1)/2,

Py1(sinB) =cos B, Pai(sinf) =3sinBcosf, Pa(sinB) = 3cos*f
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Cﬂl_’]:i ]/dﬁi’(p a,B)=1

Cio = ﬂfR/pL/pSIIlﬁdﬁf(p a, 3)

~ MR ///z M=%

Ci1 = ﬂfpr/&fpmsﬁmsadﬂrf(p, a, B)

~ MR ///f”dM_ R

S11 = ﬂfR/p/ﬂ/pcms,Bsmﬂdﬂf(p,ﬂ 3)

= arm [[] vav =%
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Cao =

C21

Sa1

e e

Qﬁ;Rz / ] / 327 = (" + 47+ 2%)|dM

zﬁ;ﬁ:ﬂ /// (&% +2°) + (" +2°) = 2(z” +3°)] dM
1

(II + Iy - 213)

2M R?
1

3,02 sin 3 cos B cos adM (p, a, B)
3M R? /F;,/a /f_%

1 1

1 /// 2 . :
3p” sin B cos BsinadM (p, «, B)
3MR? |, J. Js

1 1
e ///yz AM = s Iy
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Co1 =

So1 =

Caz =

822 —

IR
3p” sin B cos B cosadM (p, e, 3)
3MR? pladp

1 1

1 /// 2 . .
3p” sin B cos BsinadM (p, o, 3)
3M R? pJa s

1 1
MR? ///yz W= re s
/] e
3p~ cos” fcos2adM(p, a, 3)
12MR? J, J, J,
o [ @ = a = s - 1)
AMR? (@ =~y T 4AMR2YY T

12;132LLLSﬁQCOSQﬁSinQGdM(’G’H’ﬁ)

1 1
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JGM-3 Earth Gravity Model

C S

—
=
=

g

—0.48416954845647E—-03
0.95717059088800E—-06
0.53977706835730E—06
0.68658987986543E—-07

—0.14967156178604E—06
0.90722941643232E—-07
0.49118003174734E-07

—0.18698764000000E—-09  0.11952801000000E—08
0.20301372055530E—05  0.24813079825561E—06

—0.53624355429851E—06 —0.47377237061597E—06

—0.62727369697T05E—07 —0.94194632134383E—-07

—0.76103580407274E—-07  0.26899818932629E—07
0.28028652203689E—-06 0.94777317813313E—-07
0.23333751687204E—-07 0.58499274939368E—-07
0.24392607486563E—05 —0.14002663975880E—05
0.90470634127291E—-06 —0.61892284647849E—06
0.35067015645938E—06  0.66257134594268E—06
0.65245910276353E—06 —0.32333435244435E—06

0.00000000000000E+00
0.00000000000000E+00
0.00000000000000E+00
0.00000000000000E+00
0.00000000000000E+00
0.00000000000000E+00
0.00000000000000E+00

Qo L0 B 00 =] O O s L0 B S0 =] O U1 s L0 B
[ T s T e T e T R e R e T e T T e = I s B s T s T s O e B

ﬁ..2 /ngsz?;m/ma?}a —07 —0. /;331591@ 4355E—06 , O3

"’\! ’-4;‘

0.4660E—10
0.3599E-10
0.1339E—-09
0.8579E—10
0.2428E—-09
0.2604E—09
0.3996E—09
0.0000E+00
0.1153E—-09
0.8693E—10
0.2466E—09
0.2702E—-09
0.4361E—09
0.5070E—09
0.3655E—10
0.9378E—10
0.1559E—09
0.2392E—-09
0. 314'3]5'.—09

a S

0.0000E+00
0.0000E4-00
0.0000E4-00
0.0000E+4-00
0.0000E+4-00
0.0000E+00
0.0000E4-00
0.0000E4-00
0.1152E-09
0.8734E—-10
0.2465E—-09
0.2752E-09
0.4344E-09
0.5137E—-09
0.3709E—-10
0.9375E—-10
0.1560E—-09
0.2398E—-09
0. 316[} —09

g’



A EFR A 8] EL 3%

Coefficient | GEM-T2 JGM-3 GRIM5-C1 GRIM5-S1
C3o —484.1652098 | —484.165368 | —484.16511551 | —484.16511551
%0 0.9570331 0.957171 0.95857491 0.95857492
Cho 0.5399078 0.539777 0.53978784 0.53978784
C2o 0.0686883 0.068659 0.06726760 0.06720440
Céo —0.1496092 —0.149672 —0.14984936 —0.14985240
C%o 0.0900847 0.090723 0.09301877 0.09311367
Cso 0.0483835 0.049118 0.05039091 0.05046451
Cso 0.0284403 0.027385 0.02628356 0.02620763
Coo 0.0549673 0.054130 0.05101952 0.05076191
Cho0 0.0199685 0.018790 0.02340848 0.02342817
Cso0 —0.00128836 —0.00001554

Comparison between different models.
Normalised zonal coefficients Cl*0
and other normalised coefficients Cl m
* and SI m x . All values should be
multiplied

by TE-6

Coefficient | EGM96 EIGEN-CHO03S | EIGEN-6C2
C3o —484.165371736 | —484.165562843 | —484.165299956
30 0.957254174 0.957477372 0.957208401
Cio 0.539873864 0.539923241 0.539990490
Cso 0.068532348 0.068584004 0.068684705
Céo —0.149957995 —0.149991332 —0.149954200
C%o 0.090978937 0.090539419 0.090513612
Cso 0.049671167 0.049295631 0.049484115
Cao 0.027671430 0.028093014 0.028015031
Cloo 0.052622249 0.053699211 0.053330869
Ciio —0.050961371 —0.050765723 —0.507685657
Ciao 0.037725264 0.036209032 0.036437330
Ciso 0.042298221 0.041543398 0.041729879
Clio —0.024278650 —0.022288877 —0.022669657
C1so 0.001479101 0.002425544 0.002192288
C3o00 0.022238461 0.021496270 0.021558749
Cao0 0.001478118 —0.000779156 0.002263992
C3s 2.439143524 2.439311853 2.439355937
S3o —1.400166837 —1.400342254 —1.400284583
o) 2.029988822 2.030480649 2.030499314
Sh 0.248513159 0.248170920 0.248199233
33 0.721072657 0.721306788 0.721274250
S33 1.414356270 1.414370341 1.414373139




Anomalies of the geoid in the EGM96 model . This map, using the

platecarr’ ee projection, represents the anomalies of the geoid (in meters)
relative to the reference ellipsoid, as described by the US model EGM96.




BEXHNE

The GRACE mission (Gravity
Recovery And Climate
Experiment) comprises two twin
satellites GRACE-A and B,
which follow one another
around24 on the same orbit,
separated by a distance of 200
km

The satellite GOCE (Gravity field and
steady state Ocean Circulation
Experiment) has improved our
knowledge of the geoid still further,
with a very low orbit (200 km) and a
gradiometer comprising six
accelerometers with an accuracy of
10-12 ms-2
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o The first satellite data were integrated into existing models and, from
1970,certain models were established exclusively on the basis of space
data. The SAO SE-1 model (Smithsonian Astr0|3hysical Observatory-
Standard Earth),considered to be the first satellite-only model,
presented a degree 8 expansion of the geopotential in 1966. In 1973,
the SE-3 model (degree 24) used the first laser ranging measurements
to establish the distances to satellites.

e The GEM model (Goddard Earth Model) was established by NASA’s
Goddard Space Flight Center (GSFC) in the United States as a reaction to
the classified US military models. The first model GEM-1 was published
in 1972,expanding the potential to degree 12. The GEM-T2 model,
published in 1990,exploited the data from 31 satellites. It gave a model
with all coefficients up to degree 36, and some up to degree 50, and it
also provided a very high order expansion for the tides.

e The JGM model (Joint Gravity Model) was produced jointly by NASA and
the University of Texas. In 1994, JGM-2 (degree 70§ amended GEMT3
(degree 50), itself successor to GEM-T2, with the first results from
TOPEX/Poseidon, and JGM-3 integrated the data from other satellites
suchas LAGEOS-2.
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e The EGM model (Earth Gravity Model) is the result of a collaboration
between SFC-NASA, NIMA (National Imagery and Mapping
Agency),and OSU (Ohio State University), which has established
many models, from OSU68 to OSU91. In 1996 came EGM96S of
degree 70, with data provided solely by satellites, and EGM96 of
degree 360, adjoining geophysical data.They used data from 40
satellites, including satellite to satellite measurements,with the GPS
constellations26 and TDRSS. The latest model EGM2008 was based
mainly on GRACE data to achieve an expansion up to degree 2190.

e Since 2002, the GGM model (GRACE Gravity Model) has been
developed by the University of Texas using only data from GRACE:
accelerometer, attitude, and distance between the two satellites (K-
band range-rate).

e in Europe, the GRGS (Groupe de Recherche en G eod’ esie Spatiale)
in France and the DGFI (Deutsches Geod ** atisches orschungsinstitut)
in Germany have worked jointly to produce the GRIM model (GR for
GRGS and IM for the institute in Munich) .
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Method Year | u (km®s™?) | Error
Lunar orbit 1959 | 398,620. +6.
Explorer-27 1965 | 398,602. +4.
Ranger-6, 7, 8,9 | 1966 | 398,601.0 +0.7
Mariner-9 1971 | 398,601.2 +2.5
Venera-8 1972 | 398,600.4 +1.0
ATS-6 / GEOS-3 | 1979 | 398,600.40 +0.1
Laser/Moon 1985 | 398,600.444 | +0.010
Laser/LAGEOS | 1992 | 398,600.4415 | £0.0008
Laser/LAGEOS | 2000 | 398,600.4415 | £0.0002







