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IRHFHENE: http://202.127.29.4/astrodynamics
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X = F(X, 1)
X =
X (t,)=X,
X(t) = F(X,t)=FX"t)+ {%

+0r [X(t) = X*(8)]

x(t) = A(t)x(t) X B U X v U o op 0% on
v F 1% OF; OF;
. pX . .
0 P S
: - ;IY OF (X*,t)
*XI VvV = F4 = _T-_S S—X =
_[9F(@) i Fs 0
A(t) =
8X(t) Xs Fgs 0 : :
Ys _F7 0 _% g_}F/;-

T 9F, OF, OF O0F 0F, o0F, o0F 1
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v =fz,y),  ylzy) =y,

Y1 — Yo = (T — x0) f(Z0, Yo)
Yo — Y = (g — 1) (21, 91)

Y —Yp_1 = (:En _In—l)f(mn—l! yn—l)

' ‘f(m~z)_f($y)‘£j—r“z_y

Let f(x,y) be continuous, and |f| be bounded by A and satisfy the
Lipschitz condition on

D={(z,y) |z <z <X, ly—y| <b}.

If X —xy <b/A, then we have:

a) For |h| — O the Euler polygons v, (x) converge uniformly to a continuous
function p(x).

b) @(z) is continuously differentiable and solution of (7.1) z,<z < X.

1 c¢) There exists no other solution of onxry<xr<X.
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y1 — yo + hkz
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h h
Y1 :yo+hf($0‘|‘ §:yo+§fo)
2

=y +hf(xg,y0) + % (fg; _|_fyf) (79, Yo)

3

h
b (Faa 20y f + £ 8) @0 0) +

h2
y(xo+h) =yo +hf(zg,y0) + ) (f:r ‘|'fyf)(5l70ayo)
3

2 (Fun 2y F o Sy P4 By ot 12 ()

h3
y(@o+ 1) =9y = 57 (faw + 2heg f + Ly P24 AU o+ S2E)) (B0, 0) + -
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Definition 1.1. Let s be an integer (the “number of stages™) and ay,, a5, @55, - - -,
by,...,b,, cy,...,c, bereal coefficients. Then the method

5 = f(xg+csh,yy + h(ag, k) +ag,k,))

ks — f(:r[} + Csh! Yo + h (aslkl +... +a‘s,s—1ks—1))
Y1 ="Yo+h(biky +...+b.k,)

is called an s-stage explicit Runge-Kutta method (ERK) for (1.1).

622{121. C3:ﬂ.31 +ﬂ:32., e s CS:ﬂ'Sl—I_"'—I_aS,S—l

ly(zq +h) =y, || < KRPT
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(o +h) = o+ 1 f (20,90) + o (fo+ £, ) o, o)

h3
= (faw + 2y f o+ Ly P24 By Fo+ F2F ) (@0r90) + -
Ymt1 = Ym + h(biks + - +bsks), ARYPHRF, HHLEAER
B phaIRE, EHES.

ki = f(xmaym):-

HiEEEE, B—EEHE
kZ — f(xm + CZh:ym + ha?,lkl):

ks = f(xm + csh,ym + h(as 1k + as2ke)),

oooooo

ks = f(ivm + Csh: Ym + h(as,lkl + e+ as,s—lks—l)):
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0
Co (o1
C3 Az G3g
Cs g1 %) s,s—1
bl bQ s—1 bs
Table Low order Runge-Kutta methods
0
/2 | 1)2 0
0 1 0 1 1/311/3
1/2 ] 1/2 1 0O 0 1 2/3 0 2/3
01 1/6 2/3 0 1/6 1/4 0 3/4

Runge, order 2

Runge, order 3

Heun, order 3
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> b, =b+by,+bs;+b,=1

Y. ib.c, =bycy +bgcg +bycy=1/2

STob,c2 =bycd + b3 +byci=1/3

2 i btazj‘cj b3az9cy + by(ayace +ay3e3) =1/6

S b;c3 =byes 4+ bycs + byt =1/4

D i bzcaaij = b4C3045C, +bycy(a5C, +ay5c5) =1/8

Z” bgﬂu% b. {152% +b (a42c2 —|—a43c§) =1/12

Zz .k baﬂzjﬂ‘jk k — b4ﬂ43ﬂ3262 = 1/24
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1
x(t+h)=x() + E(Kl + 2K + 2K5 + Ky)

III'qu :hf(tax)
=hf (t + 3h, x + 3K))
K3 =hf (f-'- %h,.ﬁf-'- %Kz)

p

\ Ky =hf(t+h,x+ K3)

Ymt1 = Ym + 2[k1 + 3ka + 3k3 + ka]
kl — f(xmaym)

( %ha Ym + %kl)a

( 2h ym—lkl—I—kg),
f(

k4— L'm —|-hym—|-k1 k2+k3).

o

{K1+(2—\/§)K2+(2+\/§)K3+K4]

KQ f (t + — h s Ty + hKl)

tn + %h, T, + @M{l + (1 — ‘f) hKQ)

Ky=f (
K4 = f (tn —l—h,l’n — ?hKQ + (]_ + ?) h,Kg)
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0
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|l 4 e 1 | 16 16
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1| L _12 15 2 2

1 T 3l g 32 68 9
2| & 90 _s50 8 1 16 16 16
3 81 81 81 81 1 1 4 6 12 8
4 6 36 10 8 = = = e =
£ 3 73 =3 - 0 7 7 7 7 7

23 o 12 g _B8L 12 L o 2 1z 2 7

192 192 192 192 90 90 90 90 90
0
1] o1
3 3
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51 0 3
1| o4 1 _ 1
) T + % 75MBUTCHER
1 1 9 3 3
7|~ § ~i6 8 N\
1 9 3 3 1
| 0 s  ~§ "1 2

9 9 63 18 16
1'% -7 =w © 0 -

i 27 21 _ 4 _ 4 1L

120 40 40 15 15 120
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SEENB o e e B
I " 5
*ﬁ'lﬁ.‘gﬂliﬁ Xy = x(t)+ Qg 0036 p 26l 9 2 e

135 12825 56430 50 55
Fehlberg 4(5) (K, = hf(t,x)
0 K»=hf(1+ L vt 1k
— -, X _—

1 1 2 e 2K
- - 3 3 9
4 4 Ks=hflt+2h x+ —K, + —K,
; ; 0 2 3 f(+8,x+32 1—|—32 “)
2 — — 12 1932 7200 7296
g 32 32 K4=hf(r+,—h, x+9—K1——Kz+—9K3)
12 | 1932 7200 7296 13 4392197 21%280 219;45
13 | 2197 T 2197 2197 Ks=hf (r +h x4+ 2K, — 8K, + K — 4)
1 439 3680 045 \ 216 513 4104

216 513 4104 _, L 8 L, 35 1859 11
1| _8 o, 3544 1859 11 Ko =hp{t+3h x = 57K+ 2K = Sos K+ a4~ 365
2 27 2565 4104 40

25 ) 1208 2197 T
9 216 2565 4104 5
~ 16 ) 6656 28561 9 2
91 135 12825 56430 50 55

)
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Dormand-Prince 5(4) (DOPRIS)
0
1 1
5 5
3 3 9
10 40 40
4 44 56 32
5 45 15 9
8 19372 25360 64448 212
9 6561 2187 6561 729
| 9017 355 46732 49 5103
3168 33 5247 176 18656
1 33 0 S00 15 2187 11
384 1113 192 6784 84
35 500 125 2187 11
vl 3 Y T3 1 Toms m
N 5179 7571 393 92097 187 1
Y11 37600 16695 640 330200 2100 40

Fehlberg 7(8)

21 2

7| 77

1 1

o| 3 12

1 1 1

S I T

6| 22 8

S R

12| 12 16 16

1 1 1 1

5w © % 7 3

S5 23, o 1B 65 15

6 | ~108 108 27 54

1| 3 61 213

-l 2= 0o o o X _z 2

5 | 300 225 90 900

2 53 704 107 67

312 °° ¥ % "9 % °

Lo, 23 976 311 19 17 1

3| 108 108 135 54 60 6 12

B8, 341 4496 301 2133 45 45 18
3100 164 1025 82 4100 82 164 41
3 6 3 3 3 6

ol = o o o o X _-L_-2L 2 &
205 21 205 a1 a1 a1

N L 341 4496 289 2193 51 33 19
2100 164 1025 82 4100 82 164 41
11 339 9 9 9 a4l
2 0 0 0o o0 = Z Z Z 2 9 9

o T 105 35 35 280 280 840

};1 0 0 0 0 0 34 i i i i 0 41 41

105 35 35 280 280 840 840
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Theorem

Definition Let b;, a;; (i,j=1,...,s) be real numbers and let c; be defined
by (1.9). The method

k= f($0+chtjn+hz agk;) =l

7=1

Y1 :y0+hzbiki
=1

is called an s-stage Runge-Kutta method. When a,; =0 for ¢ < j we have an
explicit (ERK) method. If a;; =0 for ¢ < j and at least one a;; # 0, we have a
diagonal implicit Runge-Kutta method (DIRK). If in addition all diagonal elements
are identical (a,; =y for : =1,...,s), we speak of a singly diagonal implicit
(SDIRK) method. In all other cases we speak of an implicit Runge-Kutta method
(IRK).

Let f:R xR"™ — R" be continuous and satisfy a Lipschitz condition

with constant L (with respect to y ). If

1

h <
L max; ) |a;)|

there exists a unique solution of , Which can be obtained by iteration. If f(x,y)
is p times continuously differentiable, the functions k, (as functions of h) are also

in C? .
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Table Kuntzmann & Butcher method, order 8
%—wg w1 w’l—w3+w;’1 wi—wg—w; w1 —Wwks
%—wé w1 — wy + w4 w) W] — ws w1 —ws — wa
F+wh | witwhtws W)+l wh w1 +wh —wa
Table Kuntzmann & Butcher method, order 6 1 ’ PR ’
7+L:J2 w1 +ws wl+w3+w4 wl+w3—w4 w1
1 v 15 S 2 V. 15 S _ VIS5 2w, 2w 2w 2w
2 10 36 9 15 36 30 ) _l_@ w’—l /30
1 S VIS 2 ERAS] L=3 " 14 1=  Taa
2 36 24 9 36 24
1 15+2+/30 1 15—2+/30
1+\/15 5 \/ 2+\/15 5 L‘JQ:E 35 3 ‘-‘-";2:2 35 ’
2 10 36 30 9 15 36 o (l +m) y (l_ 30)
S 4 5 PT\E T e ) 3= 25" 2
18 9 18 3 ( 1 5@) o (i_ 5\/%)
T2\ 21 T 168 4= %20 21~ 7168 )
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xn—k+1 xn—l xn xn+1

Explicit Adams methods



BRXAdamsZ 3k
VU = f., Vitlf =VIif —VIf _,

p(t) =p(z, + sh) = k_l ( )ij

““’M

Ln+1
Ynt1 = Yp T / p(t)dt

TL
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Coefficients for the explicit Adams methods

j 0 1 2 3 4 5 6 7
|, 1 5 3 251 95 19087 5257 1070017
T 2 12 8 720 288 60480 17280 3628800
k=1: Ypt1 = Yp T+ hf, (explicit Euler method)

23 16 5)
k=3: — . + h(— N 4 — )
3 yn—I—l yn 12fn 12 fn—l 192 fn,—2

99 59 37 9
k=4 — h(— Y
yn-I—l yn—l_ 24fn 24fn—1+

ﬂ n—2 ﬂ n—3
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1 . o /
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log(1 —1) 1
— 1 =1
(1+—t+lt2+ ) (Yo + Y1t +Yeti ) = (T+t+t2+.. )
2" 3
—|—1 —|—1 + ...+ ! =1
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Esubroutine gamma bash coe(N,gamma)
ity Esubrcutine binomial({n,k,coe)

! Purpose-:-2021-04-30-22:27 (Created) .
! - Changes ! Purpose-:--2021-5-1-0:35
! compute - the - gamma - coe- -of - admas-explicit -method! ! (--n--) =..n!'/[k! (n-k)!]
! Ref-: (1) -Liu-Lin Celestial -mechanics ! (- k- )
! (2) -practical -astrodynamics chapter 6 ! .Changes
! (3) -solving-ordinary-differential -equations 1 ref:. handbook-of mathematics
e '\ .
! Input-Parameters : ! Input. -Parameters.:!
! N-..-——...the-order ! .output - Parameters. :!
!.Output - Parameters : .
! gamma (0 :N) ————-Ccoe ! .Author :-Song-Yezhi <song.vz@foxmail ..
- - - e W - e ! Copyrigt. (C) - : - Chinese. Academy of-Sciences
! .Author :-5ong-Yezhi <song.yz@foxmail.com> 1 211 -rights-reserved, - - 2021
! . Copyrigt- (C) - :-Shanghai-Astronomical -Observatory, CAS —_—
! (811 -rights-reserved, - 2021) implicit none
r-—_ integer iron- Lk ,coe
implicit none integer ::-fal,fa2,fa3
integer :- N call  factorial (n,fal)
real*: 11 -gamma (0 1N) call.  factorial (k,fa2)
— call  factorial (n-k,fa3)
integer trei g coe.-=.-fal/(fa2*fal3)
real*: losum Lend subroutine binomial
gamma {0) -=-1d0
Hdo-i-=-1,N
sum-=-0d0l

=| do-j=0,i-1
sum- = -sum -+ A0/ (i+1-7)  * gamma(])
E end do
gamma (i) = - 1d0. - sum
~end  do
-end - subroutine gamma bash coe
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ﬁsubrcutine factorial (k, fa)

! . Purpose 2021-5-1.0:31

! fa-= k¥ (k-1)*...%¥2%1
! fa-=-1 if k==
! .Changes

! factorial

Input- - Parameters
k

Output - Parameters
fa

! . muthor Song-Yezhi <song.yz@foxmai
! Copyrigt. (C) Chinese hcademy of - Sciences
! 211 -rights-reserved, - -2021
e ]
implicit none
integer
fa. = -1
!it.alread-include-the-situation.-of-k.=-0
Jif. - (k>0 -) -then
g do i=1,k

fa.-= fa*i
- end do
~end if
~end  subroutine - factorial

ik, 1, fa

Esubroutine adam bash beta(k,beta)

Furpose 2021-5-1-0:41
compute - the-admas-bashorth- -coefficient
Changes
Ref: practical -astrodynamics- (chapter-6)
F=EE . e AFREERE (BE—F)
K| FR mESEHEEE . (BEThE)

Input. -Parameters

1

! N:-----the.order-of-admas

! -Output - Parameters

! beta-———-b-coefficient
.
! .AButhor Song-Yezhi <song.yvz@foxmail.com>

! Copyrigt- (C) Chinese - Academy - of -Sciences
! 211 -rights reserved, - - 2021

implicit none

integer ik
real*: 1 beta(l:k)
real*: ;- -gamma (0 : k)
integer toon-Lic L
real*: II-sumx
integer 11-coe
call gamma bash coe(k,gamma)
beta-=-0d0

Hde n=-0,k

sumx -=-0d0

= do j=n,k
call binomial (j,n,coe)
5UmMX = sumx -+ -coe*gamma (J)

- end  do
= if (meod(n,2)/=0) then
SUmMX - = —=Sumx
- end if
beta(n) = sumx
-~end - do

~end subroutine -adam bash beta
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* _*.’II S:k_j—S—Fl ]
p*(t) =p (z, + sh) Z_:O( 1)( ; )Vf

J

xn,—k+1 xn,—l xn, xn+1

Implicit Adams methods
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Coefficients for the implicit Adams methods

j 0 1 2 3 4 5 6 7
S, L 1 1 19 3 83 275
7 2 12 24 720 160 60480 24192 3628800

yn+l = Yn + h(ﬁﬁc-fn—kl ... -ﬁ(]fn—k—kl)

k=0: Ynt1 = Yn thfrir = Un + A (@01, Ung)

1 1
k=1: yn+1—yn+h(§fn+l+§fn)

5

8 1
k yn+1 yn+h’ 12fn-|-1+ 12fn 12fn—1

9

19 5) 1
k=3: Ynt1 _yn—l_h(_fn-l-l—l_ﬂfn—ﬂf —1+ﬂfn—2)

24
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ﬁsubroutine gamma moul coe (N, gamma)

]
Furpose 2021-04-30-22:27 (Created)
Changes

of -admas - explicit method

1

1

1

1

! compute - the - gamma - coe

1

! Ref.-: (1) -Liu-Lin Celestial -mechanics

! (2) -practical -astrodynamics chapter-6

! (3) -solving - ordinary-differential -equations

Input - Parameters
N —_—

Qutput - Parameters
gamma (0 :N)

the order

! Buthor Song-Yezhi <song.yz@foxmail.com>
! Copyrigt- (C) Shanghai - Astronomical - Chservatory, CAS
! (B11-rights- reserved, -2021)

L -

implicit none

integer 11N
real*: gamma {0 :N)
-
integer S I
real*: II-sum
gamma {J) -=- _d0l
Hde i-=1,N
sum-=-0d0

= do j=0,1i-1
sum-=-sum-+ 140/ (i+1-7) - * gamma (])
- end - do
gamma (i) -= - sum
-~end do
-end- subroutine gamma moul coe

ﬁsubroutine adam moul beta(k, beta)

1

1

! compute - the - admas-bashorth. -coefficient
! .Changes

! Ref: -practical astrodynamics- (chapter-&)
! FEE - oA RERIERE (E—F)

! I FR MAREBEHEEE.  (BEThz|)

Parameters

N-———-the -order-of-admas
Qutput - Parameters

beta - ——— b -coefficient

Input

! Buthor Song-Yezhi <song.yz@foxmail.com>
! Copyrigt- (C) Chinese Rcademy-of - Sciences

! 211 rights reserved, - - 2021

L -

implicit none

integer ik
real*: 1 -beta(l:k)
real*: gamma (0 : k)
integer ton- i,
real*: I sumx
integer 11-coe
call gamma moul coe(k,gamma)
beta = 0d0

Hdo n= 0,k

sumx -=- 0dl

= do j=n,k
call binomial(j,n,coe)
SuUmx = sumx -+ - coe*gamma ()

- end - do
= if (mod(n,Z2)/=0) then
SUmX - = =-SuUmx
- end if
beta(n) = sumx
~end do

~end subroutine -adam moul beta
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compute the predictor 3, ., =y, +h Z?;& v; V7 f,, by the explicit Adams
method (1.5); this already yields a reasonable approximation to y(x,,  );

. evaluate the function at this approximation: f, ., = f(x,, .1, ¥p41):

apply the corrector formula

Ynt1 = Yp T+ h(ﬁkﬁl—kl + B St +6Ofn—k+1)

to obtain y,, . ;.
evaluate the function anew, i.e., compute f, .1 = f(Z,41,Ypi1)-
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é public void: PECE4 (double t0, -double. tt, VEC y0, int M, int N)
{
- = I —_— comment
uslng System; . . Author :-8yZ
using System.Collections.Generic; Date - . 2011-06-15.22:14-36
using System.Ling; 0
using System.Text; Desciption
using- System.IO; . -//5| 103 * PECE4 - TR #: IE i
class - cPECE4 Post - Script
4/ class - comment x = HEvECE
Version :- V1.0 paramtegers
Coded-by:-::-syz * M-——— T TR4H 284
Date :--2011-06-15-21:30:07 *EHEH=« * t0———AZ a5 E |
———————————————————————————————————————————————————— * tt-—-E5 AT [E]
Desciption.: * yO-—— GRS
PECE - - 4F/r Fililll #52 JE A i * N--—-FR 4255
SEE SR B BRI e */
parameters. : double - -h;
* obl U & /1 t——F2 43 B8]
* /I h—-FR 454
Methods : double-t1, - t2, -t3, t4;
* CcPECE4 - #i&EE# VEC  £0. = new VEC (M) ;
% PECEA FiEFRE VEC fl = new VEC (M) ;
*. . RKABBERIB R VEC-£2-=-new VEC (M) ;
* funcil 45 F1E VEC f3 = new VEC (M) ;
___________________________________________________ * [ VEC f4 = new VEC(M) ;
=1 VEC vl = new VEC (M) ;
StreamWriter obl; VEC y2 = new VEC (M) ;
public CPECEA4 () VEC-y3.=-new- VEC (M) ;
= { VEC v4 = new VEC (M) ;
/ /FEIE AL VEC y4_p = new VEC{M},:
/ 1 55 R S o e T TRt
obl = new StreamWriter ("fout.txzt"); - . '
obl.WriteLine ("MUHI FMAZIE (PECE) AiEARMI4 fL=tirny
t2-=-tl-+-h;
i } t3. = t2 + h;
RE4(t0, tl1, vO0, out yl, M, 20);
[ Byl FESEIEIL 0




SE

RE4(tl, t2, yl, out v2, M, 20);
//RHy2, #5r X E1055

RE4 (t2, t3, y2, out-y3, M, 20);
/ /R B3

func (out  £o0, -y0, t0);

/IEHE0

func{out £1, v1, tl);

/IEH L

func(out £2, vy2, t2);

/IEHE2

func(out £3, v3, t3);

/IEHE3

/IEHEBIEEBMEREE A G
obl.WriteLine{("{(0:F4} {1:F8}
tl, yl.ele[0], yl.ele[l], vl.ele[Z ]},
obl WriteLine{("{0:F4} {1:F8} [2:
t2, y2.ele[0], yv2.ele[l], v2.ele[2]);

r\J
"'j
oo
9%}
]
=5}

"'j
=5}
9%}
]
=5}

obl.WriteLine{("{(0:F4} {1:F8} {2:FB} 3:F8
t3, y3.ele[0], yv3.ele[l], v3.ele[2]);
fLA"F*ﬁM?%%*’
for (int i = 4; 1 <= -N; i++)
{
/ /BB - T
v4d p-=-y3-+ (£3*55.0-£2.%.50.0
+. f1.*.37.0.-.f0.*.0.0) . *.h./.24.0;
//EH: HEf
td . =-t3 -+ -h;
func(out f4 e, y4 p, td);
/et HET—EBE
yd-=y3.-+ (f4d e-*. 0.0+ f3 *.159.0
|-£2%5.04f1) -*.h./.24.0;
//EH: iHEf4
func(out f£4, v4, td);
/IR ES R
obl.WriteLine{"{0:F4} {1:F8} [2:F8} {3:
td, yd.ele[0], vd4.ele[1], vd.ele[2]);

]
oo

4/ PECEfR M 9 5 1248

/LR & EFHTER
t3.=t3 + h;
y3-=v4;
f0.= f1;
fl .= £2;

2 .= £3;
f3.= f4;:

}
obl.Close();
}

public woid RE4 (double t0, double tt, VEC y0,

out - VEC yt, int M, int N)
{
o e comment
kuthor SyzZ
Date 2011-06-15-22:05:04
Desciption
* RK4 77 i%
Post Script.:
* BT &£ HERES
* FE=l.vEC. &
paramtegers- :
x M-—- 75 FELH 4B ET
* t0-—-FE GG H 18]
% tt-—-Z5 F AT 5]
* y0-—-IEIRE=
* N-——-FR57 2 EL
_________________________________________________ */

(TR BRI ERE

VEC k1l = new VEC (M) ;
VEC k2 = new VEC (M) ;
VEC k3 = new VEC (M) ;
VEC k4 = new VEC (M) ;
[ITTESER

VEC v = new VEC(M) ;
double-t;

double - h;

h-= (tt---t0) -/ N;



3 : 4AMPECEfRM S 5124

P R T

vy =y0; Ly
t-=-t0; namespace  PECE4
int-i; 1
for (1 =0; 1 < N; i++) class Program
{ 3 {
func (out k1, v, t): static-void-Main{stringl[] - -args)
func(out k2, v+ - k1-* h-*.0.5, - €t-+-h-*-0.35); B {
func(out k3, v+ - k2-* h-*.0.5, - €t-+-h-*0.3);
func(out k4, v+ k3 -* h, t + h); CPECE4 - ob;
v=v+ (kl + k2 * 2 4+ k3. *2 4+ k4) *h J c.0; ob = new cPECE4 () ;
t. =1t + h; VEC -yv0 = new VEC(Z);
/BB EEE /1 HE
//EZEE, BEE, #k v0.ele[0] = 1.0;
} yl.ele[l] = 1.0;
YL =¥; y0.ele[2] = 1.0;
(EHEETIVE /AR A ERE
} ob.PECE4 (1.0, 6.0, y0, 3, 100);
- }
- }
public void- func{out VEC f, VEC vy, double- t) }
{
/ /A B
/IyREZEE
/ItBEZEE
/I EATREEREL

f/ABERVyEFHATLLTEA, TUE&EEHEHvEHETo
/ /v =-new -double[3];
f = new VEC(Z):

f.ele[l] = v.ele[l] * yv.ele[2];
f.ele[l] = -y.ele[0] * yv.ele[2];
f.ele[2] = =-0.4-*.yv.ele[(] -*-v.ele[l];
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y” — f(:lﬁ, Y, yf) Z AYpti =N Z /Biy:l—ki

We rewrite in the
usual way as a first
order system and

/ _ /
apply a multistep E AYpyi — h E /Gif(xn+g': Yntis yn—|—z’)
i=0 =0

method

MRARVBIAZIF—RFHW

Z O = Z B f (Tt Ynti)

1=0
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1

y(z 4+ h) = y(x) + hy'(z) + h* /0 (1—38)f(x+sh,y(z +sh)) ds.

y(x+h) —2y(z) +y(z—h)
—h /0 (1—35) (f(a?+sh,y(a:+sh)) —I—f(:r:—sh,y(ﬂs—sh))) ds.

k—1
Yn+1 — 2yn T Yp—1 = h'2 Z Ujvjfn

7=0

- feal(5) (s
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Coefficients of the method (10.10)

j 0 1 2 3 4 5 6 7 8 9

i . 0 1 1 19 3 863 275 33953 8183
J 12 12 240 40 12096 4032 518400 129600
k=2: Yn+1 _2yn+yn—1 :hzfn

13 1 1
. _ 1.2
k=3: yn+1—29n‘|‘yn_1—h (ﬁfn_gfn—1+ﬁf —2)

7 D 1 1
. _ 1.2
k=4: yn+1_2yn+yn—1_h (Efn_ﬁfn—1+§ n—2_ﬁ n—3)
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k

yn—l—l o Qy'n, =+ Yn—1— h2 Z O-;'(vjfn-l—l
7=0

e Ll () (e

Coefficients of the implicit method

] o 1 2 3 4 5 6 7 8 9
sl ., L, L -1 221 —19 9829 407
J 12 240 240 60480 6048 3628800 172800




DENETHEERBERZ

o Adams BRI IESFE (PANDA,GAMIT)
RKF#Z 25

o Adams-Cowell53% (EPOS)

o Utola)la SODP (KSGFHZ*, BFTAdams-cowell
EXBiED.

3 AEAEDENEITER,
o BCEJA (Bernese) Wutmﬁﬁﬁj&—damsﬁ

E5Cowell 5%, BB
giggAdams HEE B/
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Oy .__ 0
% — f(y) ':f'::’t(y ) T y(tr Gvy )

Vol (¢,(4)) :L(A) dy = /

det (;—y(t 0, yﬂ)) ‘ dy"

Theorem Consider the system with continuously differentiable func-
tion f(y).
a) Foraset A C R" the total volume of ¢,(A) satisfies

Vol (¢,(A)) :/Aexp(/ot tr (f'(y(s,0,9°)) ds) dyP.

b) Iftr ( I (y)) = 0 along the solution, the flow is volume-preserving, i.e.,
Vol (¢,(A)) = Vol (A). O
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1
Y= g(:ﬂfl —y) (1 =y — ysp)
Yo =41 (2—1,)

tr (f'(y)) = (1—5y,)/3

i il

Transformation of three sets under a flow

The trace of f/(y) changes sign at the line y; = 1/5. To its left the volume in-
creases, to the right we have decreasing volumes. This can clearly be seen in

Example Fig. 14.2 shows, for the two-dimensional system
, the transformations which three sets A, B, C'2 undergo when ¢ passes
from 0 to 0.2,0.4 and (for C') 0.6. It can be observed that these sets quickly lose

very much of their beauty.




Y1 = Yo 0 1
S f'(y) =
Yy = — SIN Y, —cosy; 0

tr (f'(y)) =0
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. O0H (9. q) . OH (5.0
"\ 92H " 92H
- 82H & 82H
Z 31)33 z 5pj+z 3q33pz q) - 8q;.
Op;  Op;
8u ov
or.area(;(,(A))) det 4o du dv
q;
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AR EITEAT, 8 AR AT DU 2n 2 17 5 (128 B ik -

dt ~ Op <=<(v),€=<(QT,PT)T
‘ji_p _ _Z_H LA H A 1, A ORI A 4 A IR T R AR E
t q
) s o<\ 0K
<=(a—v) J(%) v
o I, o\’
- (3)
I, O v
OH T _
o J (_) STJS =J
ov
T
v=(q"p")

Kang Feng giving a talk at an international conference



SRR B

HAME. FH R SRR ETFM . B o 5 b EAT WU, D0 I R S
Bt aob=c HIEFW.

HRESE. BN T a,b, ¢, WL (aob)oc=ao(boc).

BHATTEGTE. AEPAIME 1, H loa=a=aol. Ehr LEIATET IENAS e, =%
VAR R AR

SRR FEIERRGT . B TG f, SAFEIWUY ot fifF a=toa=1=aoa™'s

PR S (SRR MR MR, AT TR, QAT ISk 1 e MR 1B
BB TG LR BRI R ) S A AR By 2 TER o, ZERUE
M= {(p?,q%)" |, W TR

w? =dp A dg
TEFRIE (M2, w) b, WHEWRE H WREY JdH G100 R REE ¢

M2 — M.
d q
—|t=09't =JdH
dt p

#E " FRON B IR A B RIS AT T . IS S WA B R e S AR, B

q
P

(¢)"w? =

Hono=1WE M? = R?, e REREIIAGURIAR, BIXI4E e 3
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dp; _ oH
dt - 8qi’ '
dq o0H ?:21923”'971" Z = 2;71

1 — 1
dt op;’ :

L dn
wh . RZn - RZn
(Po> %) — (P1,q1)

C oy

J:J2n:[_

- % -

Zn
“n+1

| ~2n |

Iy,
O

BEHEDBNERETEI(OZ]t(k+1)RYEERR, FRGHETRRET,

INRHAEAIRGT B3R, MFREEARI AFEREN
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I-Ll AN
Theorem If the s X s matrix M with elements
ij = ba;; +bja;;, —bb, ,7=1,...,8
satisfies M = 0, then the Runge-Kutta method is symplectic.
C1 aii
C2 a1
s-stage R—K method for has the following form: :
5 Cs As1
=z"+h Z bi f(
i=1 b1




FERKF 57 255C {1

h
Zma1 = Zm + hf(k1), ki =zm+ af(iﬁ) b 5 Euler 2%

h

Zm+1 = Zm + 5 (f(kl) + f(kQ)) )

1 1 1
1= 2m + h(3f (k) + (4 6 )1f( 2)) 2 2% 4 Briast Runge-Kutta #%

1
k222m+h((1+

4
h
Zm41 = Zm T 5 (f(kl) + f(kQ))
ki = zm + %f(kl); 2 7% 2 Xt MRl Runge-Kutta #%=\;

h

b = 2+ 5 1(k) + 3 1 (k)
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SRS T R S0 AR IR«

H (z)=H (q,p)=U (p) +V (p)

DRI S W AR G2 20 ), P20 M AR 408 1) 1B DU R A -

dg  9U (p)
dt ~  Op
dp 9V (q)
dt dq

X —Fh i H A2 # Yoshida #4938 1) PR 2 3045 K

oV (q" oU (z!
mlzpn +Clh (_ 8(qq )) ,ylzqn+d1h ag) )
ov (yh) oU (x?)
2_ 1 B 2_ 1
=z —&-@h( 9 ,Y =y +dah ap
2 3
2?=2? + csh (_BV ( )) 7,9,3.:1’2_|_th8U («°)
0q op

[

c1 0 dy i 1+

C2 o do 9

3 - g |’ ds | a+ts

c4 o dy a 2
)
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The explicit Euler method

P 1 —hk2 D1 T
mo) = m h=— =1,...,16;
()= ) () nmm=ts

the implicit (or backward) Euler method

) — — k2 ] — P | _ 1 1 —hk? Pp—1 _ 7 _ :
p k“q, q=2p (qm)—m(h 1 )(qm_l), h=—,m=1,...,16;

1
H(p.q) =5 (p° +k¢*)

Runge’s method (1.4) of order 2
T 2.2
Z 11— g2 T
2 __ Pm — 2 Pr—1 —_ =1 .
W = dpzﬁdQ‘z (qm) ( h l_hzzkz)(qm_l>7 h 4k?m 7"':87

the implicit midpoint rule (7.4) of order 2

h2 k2 9
m :ﬁ m 9 :_’mzl,..-,S-
(qm) 1+ Bk ( h 12 )\ gy Ak
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Destruction of symplecticity of a Hamiltonian flow, k = (v/5+1)/2
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RK4J5 LR A% 6]
K |
2 $k05iﬁm$ 1 . 1
20 |- ' ' LIT—VI—TTME——ICSE
15} 2 2
10 I N N NN\ [ (/17 ™ S
B NN R —. .
SRR S 9L _
B b — QNN p = —X = ma
—~10 (93&'
| —
——
B3 —i5 —10 =5 0 5 10 15 20 25 . 1 2 1 2
g H=pxr—L=—p —i—§k:a:
m
)1 Wil RK 7R TAIE GBK 0.5, B4 1 i)
ERIB R T AR ( dx P
. pROSESIIE —
— dt — m
4
P
£ = _ka
N dt

295 5015 -10 =5 0 5 10 15 20 2
q

SEHE (REED HEAER TR CEHK 0.5, BUF 10 54D
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Comparison of calculation of Keplerian motion by R—K and symplectic methods.

Errors of trajectories with nonspherical perturbation of the EarthA(M + w)

method N of steps / circle 100 circles 1000 circles 10000 circles

FKF7(8) 100 1.SE-10 1.4E — 08 1.3E - 06
SY6 50 05E—09 0.6 E — 08 1.OE — 07
RKH 100 09E — 11 09E - 10 09E —09

Errors of trajectories with perturbation of atmospheric resistance A(M + w)

method N of steps / circle 100 circles 1000 circles 10000 circles

FKF7(8) 100 1.4E — 410 1.3E—08 1.3E - 06
SY6 50 0.6E —-09 0.7E — 08 1.OE - 07
RKH 100 21E—-11 35E—-10 6.2E — 09

HENIE

LAGEOS
DE



The outer solar system

1N 1
H(p,q) = 52—191 pi —

0y Y

1=1 53=0

m; m;y

E. Hairer

planet ”

lgi — Qj||

mass initial position | initial velocity

—3.5023653 0.00565429

Jupiter my = 0.000954786104043 —3.8169847 | —0.00412490
—1.5507963 | —0.00190589

9.0755314 0.00168318

Saturn ma = 0.000285583733151 —3.0458353 0.00483525
—1.6433708 0.00192462

8.3101420 0.00354178

Uranus = 0.0000437273164546 | —16.2901086 0.00137102
—7.2521278 0.00055029

11.4707666 0.00288930

Neptune || m4 = 0.0000517759138449 | —25.7294829 0.00114527
—10.8169456 0.00039677

—15.5387357 0.00276725

Pluto ms = 1/(1.3-10%) —25.2225594 | —0.00170702
—3.1902382 | —0.00136504

explicit Euler, h = 10

implicit Euler, A = 10

Stormer—Verlet, h = 200

F43B4E200000days
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AR TR ERSTIR G E B M D RERNEHIR S
k. R DEELEER, BEMNTRX—XMD
REALRGIEFESHENTELSR, T “HTEN
ERYSTRRE" .

X _ Ax X (t) = exp (At)x

dt

HERARHARSLNSIE, BT
VIS o AF FERIFITAIE Féﬂﬁﬂ’\&ﬁ:%ul@’ﬁﬁili

NEFELRS TREZANAH.




B 7 E

(At)°
2!
x; = Txo = exp (At) X

(At)*
3!

exp (At) =1, + At -

X1 :TXO?XQ :TXZ:“' axk—|-1 :Txka“'

el EAERITTEAERET ok, EXRERBHMERS. BEERTEERITIER: (1)
MABHERBNINEEIE, Q) FEIENEFHEEBEL, MAEEE

exp (An) = (eXp (Aﬂ))m

T



BHER 7=

L hmA

)”lJm = 1048576, AFFHEx
MNMEENDMHIX

HEZET, IWATREREEHS BURERIE

n/mzE—

BETJLIN R
PR

EEEY,

_Il/,('%jj

XEALLiEmM

XE% o

— 2No 1E§-I‘QN:20,

X[EJFLAK, T =
EIZIRPIXE £, B

exp (A7) =~ 1I,+ T,

T,=A71+

.
A’ [,

2

AT
3

(AT)”
12 |




BHER 7=

ATENHFENEEN—2 2 %EBE?E%&EI’J?%% 18ETE
fidTa, Mo Eég 7'7Ta1F'</J\ H5 8 {7
FEMmEHx, HEEERFEELERBR. JXIEVE—#&?—'::'E']

ﬁ:ky&ﬂzd\’;&f}b?ﬁ” , FESAEER. NIEEMD
2

T = (I, + T.)*" = (I, + To)*™ Y x (1, + T,)* MV

EFERFETEHIb, Ic, B

(I—|—Tb)X(I+TC):I+T5+TE+T5XTC
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Llb, ICR/IEF, ANIZMM EBAIFEMERBNITRE, ™
B%%Ib, IcEERIa.

EMFTEREENR TG, BT
T=1,+T,

IR TagZAf~2hE, RAMFENENRET, UL
EEBER T EZNEREIE,




%M R ARG HER

comment

—-Ifunction T=pre int(t0,tt,A,x0,step,N)
e General  -M-file
%. .Version v1.0
% - -Coded-by SONng.vyz
%. .Date 2012-10-16-13:28:39
% _____________________________________________________
%. . Purpose FELEFE iE
% - -Reference
% * (A AZETBERD
% * UIRETEESEeSTE)
% * (R A= EEEAE)
% _____________________________________________________
% - -Parameters-:
% * to, tt- - F4XIE
% * A———— BHGEE
% Koo RO E
% * K- -XEgHAEL, FAFRHTPEK
% * N- BB ERIRIS
% * T T4E &
% ____________________________________________________
T=R*_
fid=fopen('fout pre int.txt', 'w+');
Imax=_.e9;
sERARIFRR ST
E=eye(size(R));
=2"N;
tao=step/M;

Lt=R*tao;
Ta=RAt+Lt*At* (E+At/S+RL*Rt/12) /2 ;
Jfor i=1:N
Ta=Ta* +Ta*Ta;
-end
T=E+Ta;
sFRSTHEE
®x1=x0;
Jfor j=1:Imax
t=t0+j*step;
€2=T*x]
TMP=[t,x2'];
fprintf{fid,'%10.6f. -%10.6f - -%10.6f
g if t>tt
break;
E end
€l=x2;
-end
status=- fclose(fid) ;
sFEZFACMH, B status==0, MIZEFKIH
sAnH status==-1M13<FA KM

“end

\n',TMP) ;
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R4 MATER

Ix 1 n 60 t x(2) x(2) x(1) x(2)
ux _ 10 40 X, X = 0.5 | 57.091602  2.853986 | 57.091602  2.853986
dt 1 _ 1 0 1.0 | 54.358122  5.431287 | 54.358122  5.431287
10 10 1.5 | 51.787791  7.753636 | 51.787791  7.753636
2.0 | 49.369669  9.841152 |  49.369669  9.841152
2.5 | 47.093585 11.712457 |  47.093585  11.712457
_3y ; 3.0 | 44.950084 13.384789 |  44.950084  13.384789
30 exp ( 20 ) + 30 exp (20) 3.5 | 42.930372 14.874099 |  42.930372  14.874099
x (1) = _a ; 4.0 | 41.026272 16.195147 | 41.026272 16.195147
—60 exp (2—0) + 60 exp (20) 4.5 | 39.230179 17.361588 | 39.230179 17.361588
5.0 | 37.535020 18.386054 | 37.535020 18.386054
5.5 | 35.934213 19.280228 | 35.934213  19.280228
6.0 | 34.421636 20.054914 | 34.421636 20.054914
#6.540 30 9915914 20 777100 ] , 232 £IFR1 4. 20720109







