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b =A%

L

Col A subspace of R™

i.—’/

The least-squares solution X is in R”.

Rn

Suppose X satisfies AX = b. By the Orthogonal Decomposition Theorem in Sec-
tion 6.3, the projection b has the property that b — b is orthogonal to Col A, so b — Ax
is orthogonal to each column of A. If a; is any column of A, then a;-(b — AX) = 0,
and a} (b — AX) = 0. Since each a] is arow of A",

AT(b—AX) =0
ATb — ATAR =0
ATAX = ATb

These calculations show that each least-squares solution of Ax = b satisfies the equation
ATAx = ATb

The matrix equation (3) represents a system of equations called the normal equations
for Ax = b. A solution of (3) is often denoted by Xx.
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LDL %> fi

{subroutine chel rf(a,L,d,P,N)

———————————————————————————————— subroutine cor

Version : V1.0
Coded by : sy=z
Date : 2019.04.15
Purpose :
AR F A HCholesky /&

Input parameters .
1. B(N,N)——HiANFERE
2. N-———FE[EHES
output parameters H
1. L¥ERF
2. d-—-XTHEME (HEEFE
3. P -——hAEERE (HTACE ATFRIEES

Copyrigt
Center for Astro—geodynamics
Shanghai Astronomical Observatory
Chinese Academy of Sciences

implicit real*8(a—-z)
integer::N
real*8::A(n,n),L(n,n),d(n), P (N,N)

real*g8::

g(n,n)

i EAIME
L=0d0

d(l)=a(l,1)

Jdo i=2,n
] do j=1,i-1
N EEFEg (4, 5)
: tmpl=0d0
1 ¢ do k=1,3j-1
| tmpl=tmpl+g(i,k)*L(j, k)
- § end do

- énd do

{1 do j=1,1i-1
HEEBFEL A, J)
. L(i,3)=g(1,3)/d(d)

- end do

| LR Ed (1)

tmpl=0d0

1 do k=1,1i-1
 tmpl=tmpl+g (i, k) *L (1, k)

- end do

d(i)=a(i,i)-tmpl

-end do
R EXNAETE
Jdo i=1,N
L(i,1i)=14d0
-end do

call covariance(L,D,P,N)
-end subroutine chel rf
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subroutine covariance(L,D,P,N)

! Purpose : 2015%-04-15 13:08 (Created)
! RBIBLDL' o 81T Eth 5 =5 %

N - SEREMEET

! Buthor : Song Yezhi <song.yz@foxmail.com>
! Copyrigt (C) : Shanghal Astronomical Observatory,CAS
! (11 rights reserved, 2019)

implicit none

integer :: N

real*Qs :: L(N,N),D(N),P(N,N)

| o
integer =i

real*g :: 1nvL(N,N),1invLT (N,N)

call inv dtri(L,invL,N)

invLT = transpose (invL)

do 1 =1,N
invLT(:,1)=invLT(:,1)/D(1)

end do

P = matmul (invLT, invL)

end subroutine covariance
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] subroutine chol eq(A,b,x,P,N)

- su
! Version 1 V1.0 real®g::y(N)
| Coded by : song.yz call chol rf(A,L,d,P,n)
! Date . 2019.04.15 | y()=b)
e —do 1=2,n
!  Purpose : WHERIEETREHEE (U _ tmpldeQ
e =] do k=1,i-1
! Input parameters : . tmpl=tmpl+L (i, k) *y (k)
I. 1. A(N,N)XFRIEE RESGERE - end do
! 2. bNAEE y(1)=b (1) ~tmpl
. P — d do
! 3. N—-FFREH en
' 4. x (n)=y(n)/d(n)
I Qutput parameters : —Jdo i=n-1,1,-1
I. 1. x-HEZEE tmpl=0d0
! 2. P ———AZE (HTADZE i
e s e ]  do k=i+1l,n
implicit real*8 (a—=z) tmpl=tmpl+L (k, 1) *x (k)
- end do
integer::N o .
real*8::A(N,N),b(n),x(n),P (N,N) x(1)=y (1) /d (i) ~tmpl
- end do
e e e e e e su

éeal*ﬁ::L(N,N],d(n] end subroutine chol eq

integer::i,k



T=AERER

- subroutine inv dtri(L,invL,N)

! Purpose : 2019-04-15 10:45 (C
! HETFT=AEFGEERE, EWER EFF) Lgo i =2,

invL(i,i)= 1/L(i,1)

I
! L ————— T=/E%E
! N ————- FE R ET ] do j = 1,i-1
! i
! Output Parameters : :
, e e ®xsum = 0dO0
! invl, ——-—-- TFT=FHIEFERE
I
- : do k = 1,1
! Author : Song Yezhi <song.yz@foxma xsum = xsum + L(i,k)*invL(k,3)
I copyrigt (C) : Shanghai Astronomical Observat : :
! (211 rights reserved, 2019) | : érui do

implicit none invL(i,3j)= - ®sum / L(i,1)

integer i N o end do

real*s i L(N,N),invL (N, N)

e —end do

integer i i, i,k

real*s - X sum

S - end subroutine inv dtri

invL = 0dO0

invL(1,1) = 1/L(1,1)
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| subroutine add neq(ATA,ATb,oc,H,N)

. T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T subroutine comment

Purpose : 2018-0%-05 13:33 (Created)
add a2 new observation to normal equations
(ATAR+ H'H) x = ATh + H'oc

ATA —-—-——— 1nitial normal matrix
Athb ——— initial right wvector
oc ————-— o—c¢ for liner equation
H-——— obs wvector
N —————— the dimention of the matrix
Output Parameters
AT —————-— updated normal matrix
ATh —————— updated right wvector
Author : Song Yezhi <song.yz@foxmail.com>
Copyrigt (C) : Shanghai Astronomical Observatory, CAS

(All rights reserved, 2018)

implicit real*8(a—h,o—-z)
real*8:: ATA(N,N),ATb(N) ,H(N)

|]do 1 = 1,N

|

if (H(1)==0d0) cycle

do 7 =1 ,N

. ATA(i,]j) = ATA(i,j)+ H(i)*H(I)
end do

ATb(i)= ATb(i)+H (1) *oc

-end do
-end subroutine add negq
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n 1
P
- R b In
um =
H y tm
Ui-,:=]. '.':=1,...,T1
l.Dok=1,....m
o =1
2.Doi=1,....n
If (ht; = 0)Goto 2
d: =d; + 6h3;
E =d1/£f:
? =(Skh'ki/d;
y;; =Y — Bzhkt
E?z = EFIE + yk§
Yk = Y,
O = 0,C
d; =d. Next j
3 Doj=i+1,...,n Next i
hi:j = h'kj__ Uijhki ElL = y/ 5}:;3"3;
Uij =UiC + hie; S Sum = Sum + €3
i =hi_j

Next k
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e =y,

%

H=1—-2uu’
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SR HL I A TR A 2 BHE (jul RATRERIA, AT )Tk sE, B

1,33‘1 =0

k= —sgn (1) [l ,sgn (1) = -
—1,21 <0

u = (21 +sgu (@) |ly, 22, om)"

BMMRHT, B4z HE-DM0ERKTET 0 E, w WE—NTER 2, 5 |z, EI’]?FH
Yz E—NoEDT 0 MR, v E N ER 2 — ||z, WERAZFEMAG ] fEHi
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% ok %k e %
0 % % --- %
Unp 0 %« % --- *
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Tz z . .
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o IRAR AL 2 A R A

% W & *
0 x = *
0 0 = *
HyH,A = 5 6 « i}
0O 0 x -+ %

N EAEIA BIH R ) deJim — A, RUEAR R RERE 4o E =M. MARRMG H =
H-;H, .

R EEARZ B R A, WR R MAURIENSHEIESSENS, W QR 7 if /2
—'B/‘Jo
WS H R, FFAT ZAEE IR ARG R, B DM R s, 22 2R
Ba %, BN CSR He E=MAMEATRERIIT R= H A, 4L HIIESE 5|
i e BaEk =M, ZFERN R.



for(i=0;i<M;i++)
for (3=0; j<M; j++)

Housholder@T#a i,

H1(i,i)=1.0;

void householder (const MAT &A,MAT &(Q,MAT &R)

H int k;
Versions and Changes : . -
vl.0---— 2015-09-02 for “{TD ; ]'I{{Nr k++)
househglder F R ,-""I,-'"II k 13 1index of all col
REF: {(C#F}EITEWH D ] {
Input par;net;zrg}]ﬁﬁ& . //set the H to eye matrix
A———Jz_‘ﬁ’-"( . L
Output Parameters : for (l_l:l d l‘_:M’ l-l__+}
o---IEZCHERE . for(J=0;3<M;j++)
R———REE I =/ 5ERE HO(i,3)=0.0;
Notes L, J)=0L Uy
Author : EHE <song.yz@foxma: PP -
Copyrigt (C) : Shanghai Astronomical Observato: i for (:I_D s J=<M; :I++}
(811 rights reserved) HO (:] P :I:I =1.0;
{
int M=A.sizel(); double s=0.0;
tne NTR.size2 (04 . for (i=k;i<M;i++)
MAT HO (M,M); s=s+Al1 (i, k) *Al (i, k);

MAT H1 (M,M);
MAT H2 (M,M) ;

L

s==qrt(s);
MAT Al (M,N);
MAT AZ(M,N); . . .
for (i=0;1i<M;i++)
VEC u (M) ; u(i)=0.0;
int 1,37
matcopy( Al, A); if (H(k-’ k} }:I:I_I:I}
//copy matrix A to Al u{k)=ﬁl(]{, k)+s;
. else

ulk)=21(k,k)-s;



HouseholderZF#t

for(i=k+1;i<M;i++)
u(i)=Aa1(1i,k);

double du;
du=vecdot (u,u) ;

for (i=k;i<M;i++)
for (j=k; j<M;j++)
{

éHD{i,j}z—E.D*u{i}*u(j}fdu;
L if (i==3)
HO(i,3)=1.0+H0(1,3);

matmul (AZ2,HO,Al) ;
matcopy (RAl,AZ2) ;

/TR ciFZEHEH X F (song.yz)
. //EH*F¥ matmul (H1,H1,HO)
| L J/ZEAGT, EN matmul FER co
matmul (Q,H1, HO) ;
matcopy (H1, Q) ;

matcopy (Q,H1) ;
matcopy (R,Al);

ff——— set the lower part of matrix
// in fact ,it is close to zero afte
// that means it is no necessary to
for (1=0;i<N;i++)
for (j=1i+1;3<M;j++)
R(j,1)=0.0;




{&IFB9Gram-Schimdt IE3 475 5%

W {1, zg, -5z, 2 p BEE TN W LR 415, W23 WR iR e IR Ag 5
{ui,ug, -+, u,} AILLET Gram-Schimdt IEAZfLIIIE, XA 71028 KoK #AR 34 R 1), B

P1= T, U= PL_ =1
Pl |zl
k=1
py= mem 3 (011 m1) i = B
i1 Pk”

X T E MM TTRE R EBOEFE QR 70, wTLLEIY Gram-Schimdt 1EAZ AL T7 12K 5EH, 4R
MK Gram-Schimdt 1EACH TSRS IEASHERE Q I, & NRZERUKN, ALK e —3fe
=i, A ARE. $4F Gram-Schimdt 1IEACAG )G, R HEIZS 2 IE K] Gram-Schimdt
IEAZAC S
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vold MGS (const MAT &A, MAT &£Q, MAT &R)
f* __________________________________________
Author - SR E
Date 2015-7-28
Desciption f&1E#IGram-Schmidt IEAZ 4L iE
P
Post Script : é
L * STEEE RN oEFIIEATTEREE, R
L FESESE R SHouscholder@FE £
parameters

s A EEE
+ o EZEARMEE
R

1. scientific computation in C#
2. scientific computation in Fortran
SONg .Yz Tsinghua Univ.

[/ R ELRFE PR 4B 4T
int M, N;

M = A.s3izel ();
N A.size2 () ;

VEC vtmp (M) ;
double s=0.0;

int i, ;s

Press ,2025

for (1 = 0; 1 < M;
s =35 + A(i, 0)

i++)
* A(L, 0);

R(0, 0) = sgrt(s);

i++)
o) / R(O, 0);

for (i =

O0; 1 < M;
g(i, 0) =

A(L,

for (int k 1; k < N; k++)

{
§ for (j = 0; § <= k — 1; j++)
o
g g for (int p = 0; p < M; p++)
s =s+ Q(p, 3) * A(p, k);
. R({3, k) =s;
)
é for (1 = 0; i1 < M; 1++)
§ vitmp (1) = A(1i, k);
| for (3 =0; j <=k - 1; j++)
g for (1 = 0; 1 < M; i++)
vtmp (1) = vtmp(i) - Q(i, 3) * R(3,
é Rk, k)==zqrt (vecdot (vtnp, vtmp) ) ;
é for (1 = 0; i1 < M; 1++)
§ Q(i, k) = vtmp(i) / R(k, k);
}

k);



i RF/REIREK

Given: Pp._,. ik_l and Y. R.

(1) Integrate from {;_q to £,

X* = F(X*,t). X*(te1) = Xp_y

Ot tp_1) = A(t)P(t, tp—1). P(tp—1,tp—1) = 1.

(2) Compute

Pp.=®(t, tk—1)Pre1®” (tg, th—1)
yi =Y — G(X],1;)
H; = 0G(X}, ;)] 0Xy..

(3) Compute
.K-k = Fﬁvﬁg[ﬁkﬁkﬁg + Rk]_l
X =Xj + Kiyx
P, =[I — K. H;|Py.

(4) Replace k with & + 1 and return to (1).



cmatlibZEfFEREE N (C++)

class VEC

Versions and Changes
v1l.0-———2015-7-18
vector class

THERESIERFAO

Public Paras:

int sizel ——————— rows of matrix
int size2 ————————— cols of matri
Funcitons
VEC (M) -——— creat a wvector with lenght of M
operator () —--- access the component
Ruthor : RHE  <song.yz@foxmail.coms
Copyrigt (C) : Shanghai Astronomical Observatory, CAS

(811 rights reserved)

private:
double *x ;
int M1;
public:
// Constructors
VEC (int M)
//creat a vector
{
POM1=M;
x= new double [M] ;
for(int i=0;i<M;i++)
: x[1]1=0.0;
}
// Destructor
~ VEC ()
{ delete [] x:; }

doubles cperator() (int i)
// Component access
{ return x[i]; }

double operator () (int i) const { return x[i]:

int size() const { return M1;

}:

}:

void output(int width,int precision);

//output to the screen
void setv(double wvalue);

//set the elements of the wector to a double wvalue
/4, -, %,/ for the same index of two vectors
//which means that the size of the vectors must be the same

friend VEC cperator + (const VEC& V1,
friend VEC operator - (const VECs V1,
friend VEC operator * (const VECs V1,
friend VEC cperator / (const VECs V1,
VAT AT

i+, -, %,/ for the vector and a scala

const VECs V2); //V1+72
const VEC& V2); //V1-v2
const VEC& V2); //V1.¥*v2,
const VEC& V2); //V1./vZ2,

// the operation works on every elements of the wvector

friend VEC operator + (const VEC& V1,
friend VEC operator (const VEC& V1,
friend VEC operator * (const VEC& V1,
friend VEC operator / (const VECs V1,

double a); /Tl+a
double a); //1l-a
double a); /Tl*a
double a); J/vl/a



cmatlibZEpE3EEE E X

class MAT

Versions and Changes
vl.0-——-2015-7-18
matrix class

EFHER S, THREFESR()

Public Paras:

int sizel ————————— rows of matrix
int s5ize2? —-———————— cols of matrix
Functions
MAT (M,N} --—— creat a vector with the size of
operator() --- caccess the component
Luthor : ZRHZE  <song.yzRfoxmail.com>
Copyrigt (C) : Shanghai Astronomical Observatory, CAS
(811 rights reserwved) 2015
_______________________________________________________ x/
i
private:
double ** R;
int M1,N1;
public:

// Constructors
MAT (int M, int N)
{

M1=M;

N1=N;

int i,3;

L= new double *[M];
for (i=0; i<M;i++)
A[il=new double [N] :

// set the initial wvalue to zero
for (i=0;i<M;i++)
for (3=0;j<N;j++)

A[i1[31=0.0;

// Destructor
~MBET ()
1
i int i;
for (i=0;1i<Ml;i++)
delete[] A[il:
H delete[] A;
}

//Component access

double cperator () (int i,int j) const { return A[i][3j]:; }:
double & cperator() (int i,int J) { return A[i][J]): }:

int sizel() const { return M1; };
int size2() const { return N1; };

void output (int width,int precision);

//output to the screen

void setv(double wvalue);

//3et the elements of the matrix to a double value

//+, -, %,/ for the same index of two matrixs

//which means that the size of the matrixs must be the same
friend MAT operator + (const MAT& Al, const MAT& R2); //B1+R2
friend MAT operator - (const MATs Rl, const MAT& A2); //B1-RB2
friend MAT cperator * (const MAT& Rl, const MAT& R2); /IRl xn2
friend MAT cperator / (const MAT& Al, const MATa B2); /IRl /B2
//+, -, %,/ for the matrix and a scala

/{ the operation works on every elements of the matrix

friend MAT operator + (const MATs Al, double a); //Bl+a
friend MAT cperator - (const MAT& RAl, double a); //Bl-a
friend MAT coperator * (const MAT& Al, double a); //Bl*a
friend MAT operator / (const MATs Al, double a); //Bl/a



cmatlibe) & iz 8 5 %6 4% 47 %

S — ErmMEEE [/ =mmmmmmmm - FEFET RS RIE
void veccopy(VEC &b, const VEC &a):s vold LDL(const MAT &&,MAT &L,VEC &D);
[/EEES—TEE // LDL 43#%

double wecdot(const VEC &vl,const VEC & v2); void MGS (const MAT &A, MAT &Q, MAT &R);
//EERFR //EIE#IGram-Schmidt IEZ8 4L FiE

double norm(const VEC &v) s void householder (const MAT &A,MAT &Q,MAT &R);
J/EE2TEE //hoseholderIEZZ ZF R
L — EAXIEEIEE vold invlowtri(const MAT &R,MAT &5);
void matcopy (MAT &B,const MAT &2); //inverse of lower triangula matrix

/ /EE S &) void invuptri(const MAT &U,MAT &R);
void transpose (MAT &AT,const MAT &RL); //inverse of upper triangula matrix
[/ E volid invmat (const MAT &A,MAT &invAa);
vold matmul (VEC &b, const MAT &4, const VEC &X); / / R R 1 7 4B R 1 56

// SEEFRLIEE void inv(const MAT &A,MAT &iR);

vold matmul (MAT &C,const MAT &4, const MAT &B); |”_‘$§EEE$ HUIEFE[E RAMGS o AR =
//FE R LLAE E



cmatlibR R MR B 5T

[ [ i R BT

vold LS LDL(VEC &x,const MAT &A,const VEC &b);

[ EFAFFAFBIcholeskyr BT EE /A, LAXFRIEEIEE
[/ fvoid LS hous (VEC &x,const MAT &A,const VEC &b);

// E=TF HouseholderZF ¥R R 5 HT — I 7] B ELIE = 5] 21

vold LS MGS( VEC &x,const MAT &R, const VEC &b);

/ /BT E IEBIGram-Schimdt JEZEA SRR & /) —Ffe o] S Bl iE 7E 18] £

vold LS hous( VEC &x,const MAT &R,const VEC &b);

//1least square solution or general linear equation

vold uptri(const MAT &A,const VEC &b,VEC &x);

[/ F=RAEEAFEITE

vold lowtri (const MAT &4, const VEC &b, VEC &x);

[/ F=REEAFEITE

vold downtri(const MAT &&, const VEC &b, VEC &x);

A — I

volid lagrange (const VEC &x,const VEC &ay,const VEC &xx,VEC &yy) ;s
//lagrange interp

vold rot mat (MAT &Rmat,double angle,char axID):;

//rotation matrix

double robustweight (double wv,double sigma);






