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Ẋ = F (X, t)

Y i = G (Xi, ti) + εi
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Φ̇ (t, t0) =
∂F (X(t),t)

∂X(t)
Φ (t, t0)

Φ (t0, t0) = In
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( �9KtC|*�-), -H F (X, t) �O$,� X �- Lipschitz : �qL#�En2XhHN. [8−9]. ZÆ� Joseph Liouville n�3*!��L#�E.-Oln�2��*4<Kn�*Y� Xt = φ (X0, t0, t,µ), >� µ O5�y��L#�En2EC�s℄�g+rnDn gt : R6 → R6, Dn gt ECs℄�L#?3n.9`5�Y�TDn. gt *B�&O ��z��Ens��%Z<.K�E2nn�*Y��a�2�Xhn�Y4℄Yz�#e�G\��<�n����*�<L#�En2�y*EC��Yn}��v�
2 YAtHD B ��:gQM
2.1 B ��Zxdu<�{0�\��<hp� EQ}�AG�ORl�Z9s�>�%:\�n EF�>�{#z`n.9#��%:p�� B %:4>I�np�b���"�n{���B� B %:'E3CCO�"�+��dq��n}��L�N�AGOA��"R�^℄ �qG�q�� B %:O+JQr�Q�2C��.n�����k<%%:�<��AGO^76`g���Y-\O.~�;�"�hG6�J�jOp�G%:�<ebbi��T�^U�x3C�y.p�AGh�E� [10].Kg��Y4Gj~9 B %:}�yt<KxD~9���<~5� u �n.9q# U : {ui}

+∞

i=−∞
(ui ≤ ui+1, i = 0,±1, · · ·). Gk�xD��(V~n\� Ni,p (u) BO
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Ni,p (u) =

{

1, u ∈ [ui, ui+1)

0, otherwise

Ni,p (u) = u−ui

ui+p−ui
Ni,p−1 (u) +

ui+p+1−u

ui+p+1−ui+1
Ni+1,p−1 (u) , p ≥ 2

, (3)4hD��dWKo 0
0 , O~ 0

0 = 0, >� [ui, ui+1) O.yP��>?�Y4O	��d�.y��,n��OqM.y%:�*Y4Æwdk��~9 [11]315−331. �
um

+ =

{

um, (u ≥ 0)

0, (u < 0)
, (4)BO m U�-`w��>� m = 1, 2, · · ·, -O~

u0
+ =















1, (u > 0)
1
2 , (u = 0)

0, (u < 0)

. (5)q Bk � (−∞, +∞) hn\��
Bk =

k+1
∑

j=0

(−1)j

(

k + 1

j

)

(

x + k+1
2 − j

)k

+

k!
(6)B�O k U}%:| B %:�d

B3 =















0, |x| ≥ 2
1
2 |x|

3
− x2 + 2

3 , |x| ≤ 1

− 1
6 |x|

3 + x2 − 2 |x| + 4
3 , 1 < |x| < 2

, (7)4 B (τ) �O 3 ,(& B %:�f%��JOpP�O [T2, TP−1], �










h = (TP−1−T2)
P−3

s (t) =
P
∑

j=1

bjB
(

t−Tj

h

) , Tj = T2 + (j − 2)h, (8)>� P *�P�#	�� h *�P�?��
{

T1 = T2 − h

TP = T2 + (P − 2)h = TP−1 + h
. (9)}�AG|�*Y4�o.~ B %:nFs\��<���d�OKp B %:q�Yp [12] � [13] ��<K�%:}n3|�"���-�%:p�2�se#e�
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2.2 V>rEB B ��8eNJyt.�.�n�<��sQ�F��Y4Gn B %:��9/��Y4+ZtDNg>)�<��nQiV~J��4G B %:�<���q� �$,�<��O


































x (t) =
P
∑

j=1

αjB
(

t−Tj

h

)

y (t) =
P
∑

j=1

βjB
(

t−Tj

h

)

z (t) =
P
∑

j=1

γjB
(

t−Tj

h

)

,

{

h = TP−1−T2

P−3

Tj = T2 + (j − 2)h
, (10)

~Qr�r�EO
O − C =

[

∂G

∂X

]

[

Ξ

Θ

]

∆ψ , (11)>� ψ = [α1, · · · , αP , β1, · · · , βP , γ1, · · · , γP ]
T O^G5�� ∆ψ O5�/��� Ξ O5�gT�y�nr�DnH|�O OL6��C OL6�p���Y4Sg�yt-.��r�Jg�Æ��-�dnr�℄3� Θ O5�g �y�nr�DnH|�9.1t�~Q�E (11) n�r�88�JOL6��$,�n�r��?n�dWL6��$,�nr�/e�q~9~QYE��r�℄3�.�(9}℄O2�k�<KH|nL5���>���<�`��4ky�































B1 =
[

B
(

t1−T1

h

)

B
(

t1−T2

h

)

· · · B
(

t1−TP

h

)

]

B2 =
[

B
(

t2−T1

h

)

B
(

t2−T2

h

)

· · · B
(

t2−TP

h

)

]

...

Bm =
[

B
(

tm−T1

h

)

B
(

tm−T2

h

)

· · · B
(

tm−TP

h

)

]

, (12)

q
Ξ =















B1 B1 B1

B2 B2 B2

...
...

...

Bm Bm Bm















. (13)hK~Jdk�(�*Y-� �n\��d�|;l(��y|i.24G��L#n���" �p���Æ��*4G%:�r�"Q �sJn'��k�5l �n*Y���
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ẋ (t) =
P
∑

j=1

αjḂ
(

t−Tj

h

)

h

ẏ (t) =
P
∑

j=1

βjḂ
(

t−Tj

h

)

h

ż (t) =
P
∑

j=1

γjḂ
(

t−Tj

h

)

h

, (14)>�
Ḃ =















0, |x| ≥ 2
3
2 |x|

2
× κ − 2x, |x| < 1

− 1
2 |x|

2
× κ + 2x − 2 × κ, 1 ≤ |x| < 2

,

κ = sign (x) =

{

1, x ≥ 0

−1, x < 0
.�































Ḃ1 =
[

Ḃ
(

t1−T1

h

)

Ḃ
(

t1−T2

h

)

· · · Ḃ
(

t1−TP

h

)

]

Ḃ2 =
[

Ḃ
(

t2−T1

h

)

Ḃ
(

t2−T2

h

)

· · · Ḃ
(

t2−TP

h

)

]

...

Ḃm =
[

Ḃ
(

tm−T1

h

)

Ḃ
(

tm−T2

h

)

· · · Ḃ
(

tm−TP

h

)

]

, (15)q5�g �y�nDnH|O (Y4p2O �JO5�n6e�H|�}�Or�Jg)

Θ =
1

h















Ḃ1 Ḃ1 Ḃ1

Ḃ2 Ḃ2 Ḃ2

...
...

...

Ḃm Ḃm Ḃm















. (16)�T�3C<K� B %:�<��~QnI~D��
2.3 Il�wV>T^E�3C<K� B %:�<Qin~Q���SWn B %:�<���-SwGQinz��f�V&�79hÆ!��fn�z�dW6��J)j�q4G B %:�<��2"|WY-..~xpv�y|iY44G ��z��Qi9^��f3� � tk |[�-z��E

r̈k = f (Xk, tk) , (17)>� r O �T���
B̈k =

[

B̈
(

tk−T1

h

)

B̈
(

tk−T2

h

)

· · · B̈
(

tk−TP

h

)

]

, (18)
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Hk =

1

h2









B̈k 0 0

0 B̈k 0

0 0 B̈k









, (19)q ��z��EY4*�O
1

h2









B̈k 0 0

0 B̈k 0

0 0 B̈k









ψ =









fx (Xk, tk)

fy (Xk, tk)

fz (Xk, tk)









, (20)�
Hkψ = fk (Xk, tk) . (21)dT� �Qinz�^�JL#�E"rO℄��E�h�E (21) ��JOz�JO$,�n�r�\��(4.�EaZ��r��E�ZÆ�h5�2"|�JO6��E��r�n�><�(}℄O2�HÆY4�4h�EQ6��E?1}℄���Eh5�G�|�	(��E1%dCr�\��ÆM%qJdU}℄5�G�<Kz\����

H =









H1

H2

...









,f =









f1

f2

...









, (22)ohVO^�: k0z�D2℄3
min

∥

∥

∥

∥

∥

O −C −

[

∂G

∂X

]

[

Ξ

Θ

]

∆ψ

∥

∥

∥

∥

∥

2

Hψ = f

,Y44Gi7kbD*�%^�Ir℄3"O_^�Ir℄3�yt�SDe��*<K0�








[

[

∂G
∂X

]

[

Ξ

Θ

]]T
[

∂G
∂X

]

[

Ξ

Θ

]

HT

H 0

















∆ψ

λ









=









[

[

∂G
∂X

]

[

Ξ

Θ

]]T

[O − C]

f









.

(23)

λ O^�D*y��4h3CO�~�E��Eg�O�B�~�Y44G Cholesky #2 [11]36−40 ��92"�h4h����%` �h<~|[^�: nz�##��Vn�Y4Sg�hy.YE��&'^�nr��(O2"n�EnQ�*h'Z�y��"2K�?3n(O�ytY44G
.��Æ
H` �z�##�Xh.~b8n (�}*�
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∑

l=1

[

[

∂G
∂X

]

l

[

Ξ

Θ

]

l

]T

R−1
l

[

[

∂G
∂X

]

l

[

Ξ

Θ

]

l

]

+
∑

k=1

HT
kQ

−1
k HT

k







∆ψ

=
∑

l=1

[

[

∂G
∂X

]

l

[

Ξ

Θ

]

l

]T

R−1
l [Ol−Cl] +

∑

k=1

HT
kQ

−1
k fk ,

(24)h�� R−1
l O6�(�n��8|� Q−1

k O^�nQilx��8|�4Gj.��Æ�>�EQ�Q_^�Jds?��"�)zHE�q��&��(�!n��h2"�E (24) |�AmG�E (11) {l5�nJ�G��9.1G�E (24) 998�hwGQiz�^�|�>�z�: n(O"�z���~Q(s�jx(O~9m	z���!Vn�Æyt88�(�i2#|[nz�$,�
3 `|��
3.1 LEO ��V>rEzkO�"� B %:�<QiV~��nK|���Y#+� LEOV��MEO V��
HEOV�9�Qi2"�vX 2012-07-01T12:00:00.000nJ�Q;lQi>�O
a =

7717.377350 km, e = 0.001285, i = 62.336◦ , Ω = 285.635◦ , ω = 123.601◦ , M = 205.151◦ .ytQi�"4G KSG (Krogh-Shampine-Gordon) �#��.�#��� Adams-

Cowell �#�n/9��*2" 2 ,L#�E/��'E^VQi�"�<Gn3���#��.�Yp [1]246-250 � [6] ��#�nEm2�)Oujn:��QiGD�U�m�zK
 (1) tL�L��zm�� (2) ZCm�� (3) b�a�y�zm�� (4) M�m�� (5) I5��Z�m�� (6) N9s��|A�O�`?��L6�FR X � Y � Z, �J4%O 2 s �9y�6�lxR(&8O 10 cm n3�#0lx� P = 30 |�~Q0WQ(BQi")dB 1 (�� R �
T �N #+*�Dy�Gyb�y�O�").?.y�n B %:�<�-�B 2 <K� P = 20 |n~Q0W�
3.2 MEO ��V>rEzk

MEOV�hvX 2012-07-01T12:00:00.000nJ�Q;lQi>�O
a = 26781.970665

km, e = 0.00725, i = 62.336◦ , Ω = 207.672◦ , ω = 180.658◦ , M = 316.319◦ . U�nm�zK
 (1) tL�L��zm�� (2) M�m�� (3) b�a�zm�� (4) I5�QZ�m�� (5) N9s��|A�
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Fig. 1 The calculated orbital errors of LEO satellites in RTN frame (P = 30)
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Fig. 2 The calculated orbital errors of LEO satellites in RTN frame (P = 20)

MEO �"V�6�(�4%�8�lxQsQV�s?� P = 30 |�~Q0WdB 3 (��B 4 <K� P = 20 |n~Q0W�Y4SK��O MEO V�Æ!�JOtL�L��zm����z�Qim�n38�a)sQV�g��<w�KsQV�!n�p�hÆ!�.y�__-?`t�<Qi�a}�AG|��(h6�(�QQi'r)�q?���ThU��d"y���OsQV��.y�nJd�<|W(IO.y�jnJd�Æ�O MEO V��JOQi'r38�a)�"sQV�g�(4r�.y�S#-23Qin�<�-�
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Fig. 3 The calculated orbital errors of MEO satellites in RTN frame (P = 30)
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Fig. 4 The calculated orbital errors of MEO satellites in RTN frame (P = 20)

3.3 HEO ��V>rEzkE�~9"y��{�z6��Qi�yt�)Z6��nQi9�2"�vX
2012-07-01T12:00:00.000 nJ�Q;lQi>�O
 a = 27907.356436 km, e = 0.4, i =

75.967◦ , Ω = 61.359◦ , ω = 131.577◦ , M = 306.077◦ . lxQ4%�QE~9"ys?�ytR P = 24, ~Q0WdB 5 (��JO\��<���� �T�b ��*9�<�(4QQin�_0+ZnJg�T"y*�}�y.y��T�<K� 3 9K.~℄*�n�Qin2"Jd�2"0W�}�4G B %:
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Fig. 5 The calculated orbital errors of HEO satellites in RTN frame (P = 24)
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Spacecraft Orbit Determination with B Spline

Approximation Method

SONG Ye-zhi1 HUANG Yong1 HU Xiao-gong1 LI Pei-jia1 CAO Jian-feng1,2

(1 Shanghai Astronomical Observatory, Chinese Academy of Sciences, Shanghai 200030)

(2 Beijing Aerospace Flight and Control Center, Beijing 100094)

ABSTRACT It is known that the dynamical orbit determination is the most common way to

get the precise orbit of spacecraft. However, it is hard to describe the precise orbit of space-

craft sometimes. In order to solve this problem, the technique of the orbit determination

with the B spline approximation method based on the theory of function approximation

is presented in this article. Several simulation cases of the orbit determination including

LEO (Low Earth Orbit), MEO (Medium Earth Orbit), and HEO (Highly Eccentric Orbit)

satellites are performed, and it is shown that the accuracy of this method is reliable and

stable. The approach can be performed in the conventional celestial coordinate system and

conventional terrestrial coordinate system. The spacecraft’s position and velocity can be

calculated directly with the B spline approximation method, which means that it is unnec-

essary to integrate the dynamics equations and variational equations. In that case, it makes

the calculation amount of orbit determination reduce substantially relative to the dynamical

orbit determination method. The technique not only has a certain theoretical significance,

but also can be as a conventional algorithm in the spacecraft orbit determination.

Key words spacecraft, celestial mechanics: orbit calculation and determination, methods:

numerical


