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Joint inversion is one of the most effective methods for reducing non-uniqueness for geophysical
inversion. The current joint inversion methods can be divided into the structural consistency constraint
and petrophysical consistency constraint methods, which are mutually independent. Currently, there is a
need for joint inversion methods that can comprehensively consider the structural consistency con-
straints and petrophysical consistency constraints. This paper develops the structural similarity index
(SSIM) as a new structural and petrophysical consistency constraint for the joint inversion of gravity and
vertical gradient data. The SSIM constraint is in the form of a fraction, which may have analytical sin-
gularities. Therefore, converting the fractional form to the subtractive form can solve the problem of
analytic singularity and finally form a modified structural consistency index of the joint inversion, which
enhances the stability of the SSIM constraint applied to the joint inversion. Compared to the recon-
structed results from the cross-gradient inversion, the proposed method presents good performance and
stability. The SSIM algorithm is a new joint inversion method for petrophysical and structural constraints.
It can promote the consistency of the recovered models from the distribution and the structure of the
physical property values. Then, applications to synthetic data illustrate that the algorithm proposed in
this paper can well process the synthetic data and acquire good reconstructed results.
© 2023 Editorial office of Geodesy and Geodynamics. Publishing services by Elsevier B.V. on behalf of
KeAi Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Underground physical property models can be derived from the
observed geophysical data using the geophysical inversion. How-
ever, the inherent multiple solutions remain challenges for the
geophysical inversion. A variety of prior information for con-
straining the inversion [1e3] and the multiple geophysical data for
the joint inversion [4e10] are both effective strategies to improve
the non-uniqueness of the geophysical inversion.

There are two categories for the geophysical joint inversion
methods according to whether the geophysical models recovered
by the joint inversion of multiple geophysical data are the same.
The first type is the joint inversion of the multiple geophysical data
corresponding to the same physical property model, such as a
lsevier B.V. on behalf of KeAi Communications Co. Ltd. This is an open access article
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density model obtained from the joint inversion of gravity and
gravity gradient data [11e16], a velocity model acquired by the joint
inversion of first-arrival longitudinal wave and Rayleigh wave data
[17] and a resistivity model recovered by the joint inversion of DC
and electromagnetic data [18].

The second type is the geophysical data corresponding to the
different physical property models. Additionally, these joint inver-
sion methods are based on whether there are experimental or
statistical relationships between the different physical property
models. For example, a certain experimental empirical relationship
between the seismic velocity and the gravity-derived density
models can be utilized to execute the joint inversion for reducing
the multiple solutions [19,20]. Additionally, the statistical re-
lationships between density and susceptibility models obtained
from the priori information of physical properties are applied to the
joint inversion based on fuzzy C-means clustering algorithm
[21,22]. Currently, a variety of geophysical joint inversion methods
have been developed based on the structural consistency con-
straints, such as the cross-gradient constraint [23e27], the corre-
lation constraint [28e32] and the Gramian constraint [33e35].
Additionally, some joint inversion methods based on field multi-
component data or multidimensional data and the cross-gradient
constraint under the condition of homologous problem are devel-
oped [36e38], which can significantly improve the multiplicity of
solutions of the recovered models.

Currently, there is little research on the joint inversion method
using structural constraints and petrophysical constraints. In this
paper, wemainly focus on developing a new joint inversionmethod
based on the structural consistency and petrophysical consistency
to further improve the accuracy of inversion. Generally, in terms of
images processing, the SSIM algorithm is a quantity for evaluation
of the degree of the structural similarity of the different images. It
comprehensively measures the similarity of the images from three
aspects, images brightness contrast function, contrast function and
structure contrast function [39]. Additionally, the brightness
contrast function is based on the average of the images' pixels, the
contrast function is based on the variance of the images' pixels, and
the structure contrast function is based on the distribution struc-
ture of the images' pixels. The SSIM algorithm is a comprehensive
measure of the images' consistency from the distribution charac-
teristics of the different images' pixels values and the structure of
the images’ pixels distribution.

For the homologous problem of the geophysical inversion, the
physical property models corresponding to the different compo-
nent data are consistent in theory. However, the multiple solutions
cover some differences in the physical property models acquired by
the different component data. It can be considered that it is
reasonable to constrain the structural consistency and petrophys-
ical consistency from the perspectives of the similar structure and
the similar petrophysical properties of the different recovered
models. Therefore, the different physical-property models can be
regarded as different images. The SSIM algorithm can be utilized as
the structural and petrophysical consistency constraint to constrain
the physical property models acquired by the inversion to reduce
the non-uniqueness.

For the field data inversion, gravity gradient data has a high
horizontal resolution and can highlight shallow geological bodies
relative to the original gravity field. To adequately use the sensi-
tivity difference between the gravity and gravity gradient data to
the underground density structure, a joint inversion method based
on the improved SSIM algorithm for the gravity and vertical
gradient data is developed. In the actual application, the fractional
form of the SSIM algorithm is transformed into the subtractive
form, which can improve the problem of analytical singularities in
the denominator and enhance the stability of the SSIM joint
486
inversion method. Additionally, the reconstructed results are
jointly constrained from the brightness, contrast and structural
similarity of the density models corresponding to the gravity and
vertical gradient data, respectively. Furthermore, the joint inversion
is constrained by the weight functions obtained from the separate
inverted results of the gravity and gravity gradient data [36].
Finally, the experiments on the synthetic data are adopted to certify
that the resolution and accuracy of the reconstructed models ob-
tained from the SSIM inversion are better than those acquired by
traditional joint inversion.
2. Methodology

2.1. Modified structural similarity index

The densitymodel is the physical propertymodel corresponding
to the gravity and vertical gradient data. Suppose that the density
model m1 is recovered by the gravity data and the density model
m2 is reconstructed by the vertical gradient data. Due to the mul-
tiplicity of the reconstructed models, there covers some inconsis-
tency between the two density models. According to the structural
similarity-evaluation algorithm [39,40], the SSIM algorithm be-
tween m1 and m2 can be expressed as the following equation.

SSIMðm1;m2Þ¼ ½Lðm1;m2Þ�a½Cðm1;m2Þ�b½Sðm1;m2Þ�g; (1)

where Lðm1;m2Þ represents the brightness contrast function,
Cðm1;m2Þ represents the contrast function and Sðm1;m2Þ repre-
sents the structure comparison function. a, b and g represent the
corresponding parameters of the above functions. The equationof
the brightness contrast function, the contrast function and the
structure comparison function have the following forms.

8>>>>>>>>><
>>>>>>>>>:

Lðm1;m2Þ ¼
2mm1

mm2
þ C1

m2m1
þ m2m2

þ C1

Cðm1;m2Þ ¼
2sm1sm2 þ C2

s2m1
þ s2m2

þ C2

Sðm1;m2Þ ¼
sm1m2 þ C3

sm1sm2 þ C3

; (2)

where mm1
and mm2

represent the mean values of m1 and m2, sm1

and sm2 represent the variances ofm1 andm2, sm1m2 represents the
covariance ofm1 andm2, and C1, C2 and C3 represent non-negative
constant values. As the similarity of the different property models
becomes stronger, the SSIM approaches to 1 or �1. When m1 and
m2 are not similar, the SSIM term is equal to 0. The calculation
equations of the mean, variance and covariance for the m1 can be
expressed as the following equations.

8>>>>>>>>>>>><
>>>>>>>>>>>>:

mm1
¼ 1

N

XN
i¼1

m1i

sm1 ¼
1

N � 1

XN
i¼1

�
m1i � mm1

�

sm1m2 ¼
1

N � 1

XN
i¼1

�
m1i � mm1

��
m2i � mm2

�

; (3)

where N is the number of meshing units. From Eqs. (1)e(3), when
the SSIM algorithm is adopted to the inversion, it has the effect of
constraining the inversion from the distributed characteristics'
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similarity of density models' values and the distributed structures'
similarity of the density models.

Because of the complexity of the underground geological con-
ditions, there may be some parts of m1 and m2 that may be posi-
tively correlated, and some parts may be negatively correlated,
causing these two parts to become uncorrelated when the corre-
lations of these two parts are added together. Therefore, the pro-
cessingmethods of x ¼ m2

1 and y ¼ m2
2 are adopted to ensure that it

is relevant in the above-mentioned situations [31]. Then, Eq. (1) can
be transformed into the following equation.

SSIMðx; yÞ¼ ½Lðx; yÞ�a½Cðx; yÞ�b½Sðx; yÞ�g (4)
8>><
>>:

F1 ¼ kd1 � G1m1k22 þ l1kw1m1k22 þ
1
4
g1

�h�
m2x þ m2y

��
s2x þ s2y

�i2 � �
4mxmysxy

�2	

F2 ¼ kd2 � G2m2k22 þ l2kw2m2k22 þ
1
4
g2

�h�
m2x þ m2y

��
s2x þ s2y

�i2 � �
4mxmysxy

�2	 ; (8)
Let a, b and g equal to 1, C3]C2/2, and C1 is a constant value. Eq.
(4) can be further transformed into the following equation.

SSIMðx; yÞ¼
�
2mxmy þ C1

��
2sxy þ C2

�
�
m2x þ m2y þ C1

��
s2x þ s2y þ C2

� (5)

In Eq. (5), the 1
N and 1

N�1 in the calculation equations of the mean,
variance and covariance in Eq. (3) are eliminated and those con-
stants can also be eliminated in the following equations. To ensure
the non-negativity and convenience of the calculation of the SSIM,
C1 and C2 are set to zero and Eq. (5) can be transformed into the
following equation.

SSIMðx; yÞ¼
�
m2x þm2y

��
s2x þ s2y

�
±4mxmysxy (6)

From Eq. (6), when the similarity of the two physical property
models is higher, the SSIM value will be smaller. However, Eq. (6)
has the problem of choosing the signs, which is that the values of
8>><
>>:

F1 ¼ kd1 � G1m1k22 þ l1kw1wm2m1k22 þ
1
4
g1

�h�
m2x þ m2y

��
s2x þ s2y

�i2 � �
4mxmysxy

�2	

F2 ¼ kd2 � G2m2k22 þ l2kw2wm1m2k22 þ
1
4
g2

�h�
m2x þ m2y

��
s2x þ s2y

�i2 � �
4mxmysxy

�2	 ; (9)
sxy for different parts of the physical property models may be
positive or negative. For the convenience of the inversion, the
following SSIM constraint can be obtained from Eq. (6).

FSSIMðx; yÞ¼
h�

m2x þ m2y

��
s2x þ s2y

�i2 � �
4mxmysxy

�2
(7)

Because of m2x þ m2y � 2mxmy and s2x þ s2y � 2sxy , the above
transformation guarantees the non-negativity of the value of Eq. (7)
and avoids the choice of the positive and negative signs. From Eq.
(7), when the similarity of the physical property models is higher,
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the value of the SSIM constraint changes smaller. Additionally, from
Zhdanov et al., 2012, the method proposed in this paper is based on
the similarity of different physical property models, which can be
considered as a form of the Gramian constraint. The difference
between the two methods is that the means proposed in this paper
is developed by digital image processing methods.
2.2. Objective function of the joint inversion

Eq. (7) is imposed on the objective function of the separate in-
versions for the gravity and vertical gradient data, respectively, and
then the objective function of the SSIM joint inversion can be
transformed into the following equations.
whereF1 andF2 represent the objective function of the gravity and
vertical gradient data, respectively, d1 and d2 represent the gravity
and vertical gradient data, respectively, G 1 and G2 represent the
forward operator of the gravity and vertical gradient data, respec-
tively,w1 andw2 represent the weighting matrix of the gravity and
vertical gradient data, respectively, l1 and l2 represent the regu-
larized parameter of the gravity and vertical gradient data,
respectively, g1 and g2 represent the weighting parameter of the
gravity and vertical gradient data, respectively. Additionally, the
regularized constraints [3] are adopted in this paper to effectively
reduce the multiple solutions.
2.3. Local weighted SSIM joint inversion

Adding reasonable prior constraints can effectively improve the
multiple solutions. The separate inverted results can constrain the
joint inversion [36], and Eq. (8) can be transformed into the
following equations.
where wm2 and wm1 is the weighting matrices of the recovered
models based on the gravity vertical gradient and gravity data,
respectively, and the corresponding equations as follows.

wm2 ¼
�jm2j � jm2jmin þ ε

jm2jmax � jm2jmin

��m0

(10)

In Eq. (10), let ε ¼ h*jm2jmax, h is a small non-negative constant,
and h is set to 0.01 in this paper. m0 is a small positive constant, and
its general value range is 4:0 � m0 � 1:0, which is taken as 1.0 in this
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paper. When mi
1 � t1*jm2jmax, let w

i
m2

¼ 1:0, and the calculation

equation in the other ranges ofwi
m2

is calculated from Eq. (10). t1 is

in the range of ð0:0;1:0Þ. Then, when wi
m2

s1:0, carry out

normalization and get wi
m2

¼ wi
m2

wmax
m2

. Simultaneously, the calculation

equation of wm1 can be displayed as following equation.

wm1 ¼
�jm1j � jm1jmin þ ε

jm1jmax � jm1jmin

��m0

(11)

For the joint inversion using the conjugate gradient method, it is
necessary to calculate the gradients of the objective function shown
in Eq. (9). To simplify the derivative equations, we set mx and my as
constants whose values depend on the reconstructed models of the
previous iteration. Then, the derivatives of FSSIM with respect tom1
and m2 can be written as the following equations.
8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

vFSSIM

vm1
¼ vFSSIM

vx
vx
vm1

¼

�

m2x þ m2y

�2�
s2x þ s2y

�
diagðx� mxÞ � 8

�
mxmy

�2
sxydiag

�
y � my

��
m1

vFSSIM

vm2
¼ vFSSIM

vy
vy
vm2

¼

�

m2x þ m2y

�2�
s2x þ s2y

�
diag

�
y � my

�
� 8

�
mxmy

�2
sxydiagðx� mxÞ

�
m2

; (12)
where diag () indicates the transformation of a column vector into a
diagonal matrix. The derivatives shown in Eq. (12) is simple, clear,
and easy to calculate. After obtaining the derivatives of the SSIM
constraints, it is straightforward to solve the derivatives of the
objective functions F1 and F2. The derivatives of the objective
function F1 and F2 with respect to m1 and m2 can be written as
following equations.
8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

vF1

vm1
¼

8>>><
>>>:
GT
1G1 þ l1w

T
1w

T
m2

wm2w1 þ
1
4
g1

2
6664

�
m2x þ m2y

�2�
s2x þ s2y

�
diagðx� mxÞ

�8
�
mxmy

�2
sxydiag

�
y � my

�

3
7775

9>>>=
>>>;
m1

�GT
1d1

vF2

vm2
¼

8>>><
>>>:
GT
2G2 þ l2w

T
2w

T
m1

wm1w2 þ
1
4
g2

2
6664

�
m2x þ m2y

�2�
s2x þ s2y

�
diag

�
y � my

�

�8
�
mxmy

�2
sxydiagðx� mxÞ

3
7775

9>>>=
>>>;
m2

�GT
2d2

(13)
Then, the conjugate gradient algorithm is adopted to solve
the optimal solutions of the objective functions, and the optimal
m1 and m2 can be obtained when the stopping condition is
reached.

The whole process of the SSIM joint inversion with the local
constraint is shown in Fig. 1, which can be divided into three steps.
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The first step is to use the gravity and vertical gradient data for
separate inversions, and obtain the corresponding density models.
The second step is to calculate the local weighting matrices ac-
cording to the density models obtained from the step 1. The third
step is to bring the local weighting matrix into the SSIM joint
inversion framework, and the conjugate gradient method is adop-
ted to the joint inversion. Finally, the average values of recovered
density models m1 and m2 are calculated as the fused density
model [36].
3. Results and validation

Synthetic data are adopted to verify the correctness of the joint
inversion method mentioned above. Generally, the cross-gradient
joint inversion method has been widely adopted in joint inver-
sion for gravity and vertical gradient data. Therefore, the cross-
gradient joint inversion is compared with the SSIM inversion to
prove the correctness and advantages of the method developed in
this paper.
3.1. Model 1

The synthetic data of model 1 covers two geological bodies
shown in Fig. 2a, are utilized to verify the correctness and advan-
tages of the SSIM joint inversion method proposed in this paper.
The gravity and vertical gradient data computed from model 1 are



Fig. 2. (a) Spatial location of the synthetic model. The contour map of forward (b) the g

Fig. 1. The joint inversion framework with local weighting.

Fig. 3. The separate inversions of the synthetic data 1. (a) and (b) are the slices of the separat
(d) are the slices of the separate inversion results of the vertical gradient data at x ¼ 1000 m
results of the gravity and vertical gradient data at x ¼ 1000 m and z ¼ 400 m, respectively
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revealed in Fig. 2b and c, which add 2% of themaximumvalue of the
gravity and vertical gradient data as the noises, respectively. The
gravity and vertical gradient data conform to a regular grid of
20 � 20 data points, totaling 400 equally spaced data points. In the
process of the inversion, there cover ten layers in depth from 0 to
1000 m, and the size of one cell is set to 100 � 100 � 100 m. From
Fig. 2b and c, the horizontal resolution of the gravity gradient data
is higher than that of the gravity data. The gravity data is more
sensitive to the deep-density bodies than the gradient data, and the
gravity gradient data is more sensitive to the shallow-density
bodies.

In the inversion process of the synthetic data 1, the initial den-
sity model is set to 0.1 g/cc and the number of the iteration is set to
60. Fig. 3c and d reveal the regularized inverted results of the
gravity gradient data, which presents that the vertical and hori-
zontal resolution of the shallow geology bodies is better than that
of the gravity data (Fig. 3a and b). Additionally, the resolution of
deep geology bodies revealed in Fig. 3a is better than that in Fig. 3c,
which verifies the data characteristics of the gravity and vertical
gradient data. The reconstructed models of the regularized joint
inversion using ½Vz;Vzz�T data are presented in Fig. 3e and f.
Obviously, the reconstructed models of the joint inversion are
better than that of the separate inversions, and the resolution of the
recovered models in horizontal and vertical directions of the joint
ravity anomaly and (c) the gravity vertical gradient data of the synthetic model 1.

e inversion results of the gravity data at x ¼ 1000 m and z ¼ 400 m, respectively. (c) and
and z ¼ 400 m, respectively. (e) and (f) are the slices of the regularized joint inversion
.
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inversion is more consistent with that of the actual density models
shown in Fig. 2a.

Then, the cross-gradient joint inversion is carried out for syn-
thetic data 1, and the recovered models are presented in
Fig. 4aed the reconstructed density models are apparently focused,
and the two geology anomalous bodies are better than those
revealed in Fig. 3 in terms of the location and resolution.

Then, let g1 ¼ 2:0�1011, g2 ¼ 1:0�1010, and the SSIM joint
inversion is executed. The recovered density model is displayed in
Fig. 5. From Figs. 3e5, the recovered density models of the SSIM
inversion are also focused, the positioning and resolution of the two
geology anomalous bodies are better than that of the recovered
density models shown in Figs. 3 and 4. Additionally, the resolution
of the SSIM inverted results in the vertical direction is better than
that of the cross-gradient inverted results, and the physical prop-
erty consistency and structure consistency of the recovered results
are improved.

According to the separate inversion results shown in Fig. 3, set
t1 ¼ 0:2, t2 ¼ 0:7, and t2 is the parameter of the calculation matrix
wm1 , and set g1 ¼ 1:0�109 and g2 ¼ 1:0�1010. Then, the local
weighted SSIM joint inversion is carried out, and the recovered
density models are displayed in Fig. 6aed. Obviously, from
Figs. 3e6, the resolution of the recovered density models of the
SSIM inversion with local weighting is higher. The corresponding
magnitude and distribution of physical property values of the
recovered models are closer to the actual density models, which
can verify the correctness and advantages of the developed method
in this paper. Additionally, the fused density models are displayed
in Fig. 6e and f, the gravity and vertical gradient data forward from
the fused models are shown in Fig. 7a and b, and the residuals
obtained from subtracting the forward and original data are dis-
played in Fig. 7c and d. Apparently, it can be found that the forward
Fig. 4. The cross-gradient joint inversion of the synthetic data 1. (a) and (b) are the slices of
and (d) are the slices of the recovered models of the vertical gradient data at x ¼ 1000 m
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data of the fused density models are well consistent with the
original data.
3.2. Model 2

To further certify the correctness of the proposed method, a
synthetic model with inconsistent depth is utilized to verify the
proposed method in this paper. The synthetic data of model 2,
which also contains two geological bodies in Fig. 8a, and the gravity
and gravity vertical gradient data computed from model 2 are
displayed in Fig. 8b and c also add 2% of the maximum value of the
corresponding gravity and vertical gradient data as the noise data,
respectively. Obviously, from Fig. 8, the horizontal resolution of the
gravity gradient data is higher than that of the gravity data.

The initial density model is also set to 0.1 g/cc, and the number
of iterations is set to 100. Fig. 9c and d presents the regularized
inverted models of the gravity gradient data, which presents that
the vertical and horizontal resolution of the shallow anomalous
bodies is better than the reconstructed models of the gravity data
(Fig. 9a and b). Simultaneously, the resolution of the deep anom-
alous bodies shown in Fig. 9a is also better than that in Fig. 9c. The
reconstructed models of the regularized joint inversion using
½Vz;Vzz�T data are displayed in Fig. 9e and f the resolution of the
recovered models in horizontal and depth directions of the joint
inversion is more consistent with that of the actual density models.

Then, the cross-gradient joint inversion method is carried out
for the synthetic data 2, and the reconstructed models are dis-
played in Fig. 10ae10d. The recovered density models are more
focused than that of the separate inversions, and the two anoma-
lous bodies are also better than the recovered density models
shown in Fig. 9 in terms of the location and the resolution.
the recovered models of the gravity data at x ¼ 1000 m and z ¼ 400 m, respectively. (c)
and z ¼ 400 m, respectively.



Fig. 5. The SSIM joint inversion of the synthetic data 1. (a) and (b) are the slices of the recovered models of the gravity data at x ¼ 1000 m and z ¼ 400 m, respectively. (c) and (d) are
the slices of the recovered models of the vertical gradient data at x ¼ 1000 m and z ¼ 400 m, respectively.

Fig. 6. The SSIM inversion based on the local weighting of the synthetic data 1. (a) and (b) are the slices of the recovered model of the gravity data at x ¼ 1000 m and z ¼ 400 m,
respectively. (c) and (d) are the slices of the recovered model of the vertical gradient data at x ¼ 1000 m and z ¼ 400 m, respectively. (e) and (f) are the slices of the fused model at
x ¼ 1000 m and z ¼ 400 m, respectively.
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Then, let g1 ¼ 3:0�1012, g2 ¼ 1:0�1011, and the SSIM joint
inversion is carried out. The recovered density models are shown in
Fig. 11ae11d. From Figs. 9e11, the recovered density models of the
SSIM inversion are focused, and the positioning and resolution of
the two geology anomalous bodies are better than that of the
recovered density models shown in Fig. 9. Additionally, the reso-
lution of the recovered models of the SSIM joint inversion is better
491
than that of the cross-gradient joint inversion in the vertical di-
rection, which reveals the correctness and superiority of the
method proposed in this paper.

From the separate inverted models shown in Fig. 9ae9d, set
t1 ¼ 0:2, t2 ¼ 0:7, g1 ¼ 1:0�109 and g2 ¼ 5:0�1011. Then, the local
weighted SSIM joint inversion is carried out, and the recovered
models are displayed in Fig. 12ae12d. Obviously, from Figs. 9e12,



Fig. 7. The gravity data (a) and vertical gradient data (b) of the forward calculation of the fused model. (c) and (d) are the residuals of the original gravity and vertical gradient data
with the forward gravity and vertical gradient data, respectively.

Fig. 8. (a) Spatial location of the synthetic model 2. The contour map of forward (b) gravity anomaly and (c) gravity vertical gradient data of synthetic model 2.
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the resolution of the recovered models of Fig. 12 is higher than
others, and themagnitude and distribution of the physical property
values of the recovered density model are closer to the actual
density model, which again illustrates the correctness and advan-
tages of the proposed method in this paper. Furthermore, the fused
models are shown in Fig. 12e and f, the gravity and vertical gradient
data forward from the fused models are displayed in Fig. 13a and b,
and the residuals are revealed in Fig. 13c and d. Apparently, the
forward data is also well consistent with the synthetic data 2.
3.3. Model 3

Then, synthetic data with uneven density values and inconsis-
tent depth is utilized for verification. The synthetic model 3 con-
tains four geological bodies shown in Fig. 14a. The gravity and
vertical gradient data computed from the synthetic model 3 are
shown in Fig. 14b and c, which also add 2% of themaximumvalue of
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the corresponding gravity and vertical gradient data as the noise,
respectively.

The initial density model is also set to 0.1 g/cc, and the iteration
number is also set to 100. Fig. 15ee15h presents the regularized
inverted models of the gravity gradient data, which displays that the
vertical and horizontal resolution of the shallow anomalous bodies is
better than the inverted models of the gravity data (Fig. 15ae15d).

Then, the reconstructed results of the regularized joint inversion
using ½Vz;Vzz�T data are shown in Fig. 16ae16d. It can be found that
the joint inversion has obvious advantages over the separate in-
versions in locating the depth direction of the anomalous geology
bodies.

Then, the cross-gradient joint inversion method is executed for
the synthetic data 3. The recovered density models of the cross-
gradient joint inversion are shown in Fig. 17. From Figs. 15e17, the
recovered density models shown in Fig. 17 are more focused, and
the geology anomalous bodies are better than that shown in Figs.15
and 16 in the location and resolution.



Fig. 9. The separate inversions of the synthetic data 2. (a) and (b) are the slices of the separate inversion results of the gravity data at x ¼ 750 m and z ¼ 450 m, respectively. (c) and
(d) are the slices of the separate inversion results of the vertical gradient data at x ¼ 750 m and z ¼ 450 m, respectively. (e) and (f) are the slices of the regularized joint inversion
results at x ¼ 750 m and z ¼ 450 m, respectively.

Fig. 10. The cross-gradient joint inversion of the synthetic data 2. (a) and (b) are the slices of the recovered models of the gravity data at x ¼ 750 m and z ¼ 450 m, respectively. (c)
and (d) are the slices of the recovered models of the vertical gradient data at x ¼ 750 m and z ¼ 450 m, respectively.
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Then, let g1 ¼ 2:0�1011, g2 ¼ 1:0�1011, and the SSIM joint
inversion is executed. The recovered density models are shown in
Fig. 18. From Figs. 15e18, the recovered density models of Fig. 18 are
more focused, the positioning and resolution of the geology
anomalous bodies are better than that of the recovered density
models displayed in Figs. 15e17.
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Then, from the separate reconstructed models, set t1 ¼ 0:3,
t2 ¼ 0:5, g1 ¼ 1:0�1010 and g2 ¼ 2:0�1010. Then, the local
weighted SSIM inversion for the synthetic data 3 is carried out, and
the recovered models are displayed in Fig. 19. Obviously, from
Figs. 15e19, the resolution and density contrast of the recovered
density models shown in Fig. 19 is higher, and the corresponding



Fig. 11. The SSIM joint inversion of the synthetic data 2. (a) and (b) are the slices of the recovered models of the gravity data at x ¼ 750 m and z ¼ 450 m, respectively. (c) and (d) are
the slices of the recovered models of the vertical gradient data at x ¼ 750 m and z ¼ 450 m, respectively.

Fig. 12. The SSIM inversion based on the local weighting of the synthetic data 2. (a) and (b) are the slices of the recovered model of the gravity data at x ¼ 750 m and z ¼ 450 m,
respectively. (c) and (d) are the slices of the recovered model of the vertical gradient data at x ¼ 750 m and z ¼ 450 m, respectively. (e) and (f) are the slices of the fused model at
x ¼ 750 m and z ¼ 450 m, respectively.
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magnitude and distribution of the physical property values are
closer to the actual model 3, which again verifies the correctness
and advantages of the developed algorithm in this paper.
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Furthermore, the fused density models are presented in Fig. 20,
the forward gravity and gravity vertical gradient data are displayed
in Fig. 21a and 21b, respectively, and the residuals are presented in



Fig. 13. The gravity data (a) and vertical gradient data (b) of the forward calculation of the fused model. (c) and (d) are the residuals of the original gravity and vertical gradient data
with the forward gravity and vertical gradient data, respectively.

Fig. 14. (a) Spatial location of the synthetic model 3. The contour map of forward (b) gravity anomaly and (c) gravity vertical gradient data of the synthetic model 3.

Fig. 15. The separate inversions of the synthetic data 3. (a), (b), (c) and (d) are the slices of the separate inversion results of the gravity data at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m and
z ¼ 500 m, respectively. (e), (f), (g) and (h) are the slices of the separate inversion results of the vertical gradient data at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m and z ¼ 500 m,
respectively.
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Fig. 16. The regularized joint inversions of the synthetic data 3. (a), (b), (c) and (d) are the slices of the recovered density model at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m and z ¼ 500 m,
respectively.

Fig. 17. The cross-gradient joint inversion of the synthetic data 3. (a), (b), (c) and (d) are the slices of the recovered model of the gravity data at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m
and z ¼ 500 m, respectively. (e), (f), (g) and (h) are the slices of the recovered model of the vertical gradient data at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m and z ¼ 500 m, respectively.

Fig. 18. The SSIM joint inversion of the synthetic data 3. (a), (b), (c) and (d) are the slices of the recovered model of the gravity data at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m and
z ¼ 500 m, respectively. (e), (f), (g) and (h) are the slices of the recovered model of the vertical gradient data at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m and z ¼ 500 m, respectively.
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Fig. 19. The SSIM joint inversion based on the local weighting of the synthetic data 3. (a), (b), (c) and (d) are the slices of the recovered model of the gravity data at x ¼ 1200 m,
x ¼ 400 m, z ¼ 300 m and z ¼ 500 m, respectively. (e), (f), (g) and (h) are the slices of the recovered model of the vertical gradient data at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m and
z ¼ 500 m, respectively.

Fig. 20. (a), (b), (c) and (d) are the slices of the fused model at x ¼ 1200 m, x ¼ 400 m, z ¼ 300 m and z ¼ 500 m, respectively.

Fig. 21. The gravity data (a) and vertical gradient data (b) of the forward calculation of the fused model. (c) and (d) are the residuals of the original gravity and vertical gradient data
with the forward gravity and vertical gradient data, respectively.
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Fig. 21c and d. Additionally, the forward data is also consistent with
the synthetic data 3.

4. Conclusions

We propose the structural and petrophysical consistency
constraint based on the modified SSIM algorithm that converts the
divided form to the subtracted form to avoid the emergence of the
analytical singularities, which finally forms a new joint inversion
method that combines the structural consistency constraint and
the petrophysical consistency constraint for the gravity and vertical
gradient data. Additionally, the correctness and effectiveness of the
joint inversion method proposed in this paper are verified by the
synthetic data, and the recovered models are much better than
those of the separate inversions. Then, the synthetic data are uti-
lized to compare the cross-gradient inversion with the SSIM
inversion, and the reconstructed results have been improved by the
SSIMmethod. Additionally, based on the separate inversion results,
the SSIM joint inversion method with the local prior constraints is
adopted. The corresponding recovered models present that both
the locations and the density contrasts of the anomalous geology
bodies are closer to the actual anomalous bodies. It can be found
that the SSIM inversion method with local weight is not only a new
type of joint inversion method based on the structural constraints,
but also can further promote the consistency of the reconstructed
results from the perspective of the values of the different physical
property models, which can be considered as a more comprehen-
sive and stronger constraint and can further reduce the non-
uniqueness of the inversion. Therefore, the method proposed in
this paper will be a new and efficient method of joint inversion
based on the structural and petrophysical consistency constraints,
which possesses good performance and high efficiency for the joint
inversion and has certain application prospects in geophysical
inversion.
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