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Abstract

Pseudolite positioning system can enhance GNSS (Global Navigation Satellite System) by improving satellite geometry and providing
services independently in the GNSS unavailable environment. Many error items of pseudolite positioning system, e.g., tropospheric delay
error, need to be corrected by an accurate model. While several tropospheric delay models suitable for pseudolite positioning systems
have been proposed, the key parameters indicating the upper boundaries for tropospheric refraction are fixed to an experimental value
in these models. In this paper, we studied the spatiotemporal characteristics of the upper boundary heights for hydrostatic and wet tro-
pospheric delay based on the ERAS5 global meteorological reanalysis data. With the refined height boundary term, we refine four existing
tropospheric delay models for pseudolite positioning systems, including RTCA, MRTCA, Bouska and Hopfield models. To evaluate the
performance of the refined models, we selected 12 airports distributed globally as experimental areas and analyzed the error character-
istics of the four refined tropospheric models and the LTC model (independent of height). The experimental results show that when the
slant distance between the pseudolite base station and the receiver is constant at 5 km, the MRTCA model has the best performance, with
an RMSE (root mean square error) of about 0.15 m. When the elevation angle between the pseudolite base station and the receiver is
constant, the RMSE of the LTC model is the smallest at the low elevation angle, and the RMSE of the MRTCA model is the smallest at
the high elevation. The RMSE of pseudolite tropospheric delay models show seasonal variation.
© 2024 COSPAR. Published by Elsevier B.V. All rights reserved.
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1. Introduction

GNSS (Global Navigation Satellite System) is a system
that uses satellites orbiting the earth and controls auxiliary
equipment on the ground to provide positioning, naviga-
tion and timing (PNT) services covering the whole world
(Yang, 2016, 2017, 2018). GNSS satellites operate in orbits
approximately 20000 km away from the Earth’s surface.
The navigation signals received by the user receivers on
the ground are very weak, and they are vulnerable to var-
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ious interference from the external environment. For users
in complex environments such as indoor, underground,
dense forests or urban canyons, the signal strength may
be too weak or even completely undetectable, resulting in
the failure to use GNSS PNT services.

Various alternative and enhanced auxiliary system are
being developed (Reid et al., 2015; Ge et al., 2018; Park
et al., 2020; Li et al.,, 2020; Li et al., 2022), where
ground-based pseudolite positioning system has been
widely studied and applied (Kim et al., 2014; Sheng
et al., 2020; Fan et al., 2022). The ground-based pseudolite
positioning system is mainly composed of two parts: base
station and user receiver. The base station, also known as
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pseudolite (PL), is a device used to generate and transmit
signals similar to GNSS. The ground-based pseudolite
positioning system can not only serve as an auxiliary GNSS
enhancement system in the GNSS challenging environment
but also establish an independent positioning system in the
case of GNSS signal failure (Fan et al., 2021; Tang et al.,
2021).

In the field of civil aviation, the most widely used land-
ing system is the ILS (Instrument Landing System). How-
ever, due to the inherent defects of ILS navigation signals
(signals are easily reflected and refracted by buildings and
other objects), it is necessary to have a large interval when
using ILS system for landing (Liu et al., 2006). The airport
landing system based on pseudolite is flexible and has
strong anti-interference ability. Its low-cost characteristics
are of great significance for various types of airports, and
therefore have received increasing attention. During the
process of takeoff and landing, the area crossed is relatively
large, so it is necessary to consider the impact of tropo-
spheric delay on the positioning of pseudolite positioning
system (Wang, 2002; Wang and Wang, 2007).

Compared with GNSS satellites, pseudolites are very
close to the user receiver, usually in the range of several
hundred meters to several kilometers. Therefore, there
are many differences between the pseudolite positioning
system and GNSS in error sources and processing methods
(Guo et al., 2018; Sun et al., 2021; Sun and Wang, 2022).
Compared with GNSS satellite orbit error, the position
of the ground-based pseudolite base station is usually fixed
and can be accurately measured (Rizos et al., 2010; Rizos,
2013). In addition, due to the low altitude of the pseudolite
working environment, the ionospheric delay error is usu-
ally not considered. Tropospheric delay error becomes par-
ticularly important in pseudolite positioning system,
especially in the application of airports, where aircrafts
are operating in a relatively large area during takeoff and
landing, and the tropospheric delay error has a large
impact on the estimation of height component (Jiang
et al., 2015).

The pseudolite signal transmission path is approxi-
mately horizontal in the lower troposphere, tropospheric
delay estimation is very difficult (Trunzo et al., 2011).
The tropospheric delay model used in GNSS cannot be
directly used to estimate the tropospheric delay in pseudo-
lite positioning system (Tuka and El-Mowafy, 2013). Based
on the tropospheric delay model of GNSS, some tropo-
spheric delay models suitable for pseudolite positioning
systems are developed, such as the RTCA (RTCA, 2000),
MRTCA (Biberger et al., 2003), Hopfield (Hofmann-
Wellenhof et al., 2000), Bouska (Bouska and Raquet,
2003) and LTC (Wang et al., 2005) model. The RTCA
and Hopfield model for pseudolite positioning system is
developed through an integration method, where the atmo-
spheric refractive index is modeled according to the alti-
tude, and then integrated along the signal propagation
path between the pseudolite base station and the user recei-
ver. The LTC model assumes that the tropospheric delay is
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proportional to the distance between the pseudolite base
station and the user receiver, and uses the distance propor-
tion method to estimate the tropospheric delay of the pseu-
dolite positioning system (Barnes et al., 2007).

These tropospheric models for pseudolite positioning
systems have been proposed in the past few years, but there
are few experiments to evaluate the performance of these
models. Furthermore, these experiments which are usually
conducted under standard atmospheric conditions at sea
level are used to compare the above models (Wang et al.,
2005; Choudhury et al., 2009; Ahmed et al., 2013; So
et al., 2013; Zhang et al., 2014), which differ significantly
from the actual work environment of pseudolite position-
ing system. In addition, the troposphere models mentioned
above (except for the LTC model, which is only related to
distance) all use fixed values as cutoff heights for dry and
wet delays, ignoring their spatiotemporal characteristics,
which will inevitably lead to certain model errors. In this
paper, we divide the global region into a grid of 1° x 1°
and use ERAS global meteorological reanalysis data to
fit the cutoff heights of dry and wet delays at grid points.
The cutoff heights of dry and wet delay can be obtained
by bilinear interpolation through fitting parameters of the
nearest 4 grid points in the user area. The refined models
were compared with the original models using the most
accurate NWM (Numerical Weather Model) ray-tracing
method for tropospheric delay estimation in the GNSS
field. 12 important airports around the world were selected
as the experimental areas to analyze the error characteris-
tics of the refined troposphere delay models for pseudolite
positioning system.

This paper consists of 4 sections. The second section
introduces common tropospheric delay models for pseudo-
lite positioning system, refines the model by fitting the cut-
off heights of dry and wet components, and outlines the
experimental data and evaluation methods. The third sec-
tion assesses the refinement in the tropospheric model
and analyzes its characteristics. Section 4 summarizes the
full research.

2. Data and methods

Existing tropospheric models for pseudolite positioning
system often rely on empirically fixed values as cutoff
heights for tropospheric dry and wet delays. However,
adopting the same global empirical values overlooks the
spatiotemporal variations of these cutoff heights. There-
fore, there is a need to model the cutoff heights considering
factors such as time, longitude, latitude, and others to
enhance the precision of the existing model.

To evaluate the effectiveness of the refined models, this
study selected 12 significant airports globally as our exper-
imental areas. This paper utilized the results of the NWM
ray-tracing single-difference method as reference values
for tropospheric delay between pseudolite base stations
and the receiver. ERAS data was employed as input for
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meteorological data to minimize the impact of other factors
on the results.

2.1. Common troposphere models for pseudolite positioning
system

The tropospheric delay consists of a hydrostatic (dry)
component and a wet component:

ALtr‘op = ALdry + ALwet (1)

Radio Technical Commission for Aeronautics (RTCA)
has defined a tropospheric delay model for the use of Local
Area Augmentation System (LAAS) (RTCA, 2000). Eq. (2)

determines the hydrostatic and wet component
respectively.
Ny —
ALy =10"-N.o-D- (1 - sz) (2)
#,0

Where, “*’ represents the parameter of the dry or wet com-
ponent, D is the slant distance between the pseudolite sta-
tion and the user receiver, 4, is the height of the user
receiver, A, is the height of the pseudolite station, 4., is
a fixed scaled height for the model. From experience,
hawo and h,.o are usually set as 42700 m and 12000 m.
These heights are arbitrarily defined as the upper bound-
aries for tropospheric refraction. The refractive index N,
are obtained from meteorological data, which can be calcu-
lated by Eq. (3).

{ Ny =T77.6-£

4475-(T—-273)
Nyer = 22770 - &5 - 107 7555
Where, P is the atmospheric pressure in mbar, 7 is the tem-
perature in Kelvin, f is the relative humidity in percentage
(%). It is important to note that these parameters have to
be reduced at sea level before they can be used in Eq. (2).
It can be seen from Eq. (2) that the RTCA model only
focuses on the primary term of the ratio of the height dif-
ference between the pseudolite station and the user receiver
to the fixed scaled height. Biberger et al. (2003) proposed
some modifications to the RTCA model by considering
the high-order terms. The modified RTCA (MRTCA)
model is shown in Eq. (4):

ALtrop = 1076 . N*,O * Ryov

(1—2-
4)

Where, R,,, is the slant distance between the pseudolite sta-
tion and the user receiver, and other terms have the same
meaning as in Eq. (2).

Hofmann-Wellenhof et al. (2000) directly derived the
troposphere delay model for pseudolite positioning system
from the Hopfield model, which is an integral from the sea
level surface.

3)
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+2
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ALtrop =2 1077 ' N*,O ' Rrov

{(1-52) - (-

Bouska and Raquet (2003) derived the pseudolite tropo-
spheric model related to the refractive index N, at the
height of the pseudolite station from the Hopfield model.
This is also the difference between Bouska model and the
other three models above.

hpl h* 0

5
h*.,O) ) . hmv -

hyi

(5)

hrav - h >
ALWDP =2-10"7 “Ny- R+ (1 - (1 _h—hpl) )
0 = fpl
h*.O - hp[
hrov - hp] ( )

Length based tropospheric delay model (LTC) assumes
that distance between the pseudolite station and the user
receiver have atmospheric effects (refractivity index) pro-
portional to the length of the line. The refractivity index
(N) is usually calculated by the constants. Here the LTC
model is given by Egs. (7)-(9):

ALy =10°-N-D (7)
P —
N =77.689 - — +71.2952 - ; + 375463 - % (8)
17.269 - (T — 273.15)
—6.1 . .
¢=6.1078 -exp (237.30+(T—273.15)> 4 ®)

Where, the meanings of D, P, T and f are the same as those
of the pseudolite tropospheric delay models introduced
above. It can be seen from the Egs. (7)—(9) that in LTC
model, the tropospheric delay is independent of the height
difference between the pseudolite station and the user
receiver.

2.2. Refinement of troposphere models for pseudolite
positioning system

The troposphere models introduced above (except the
LTC model) use 4., obtained from the empirical model.
We improved the accuracy of the pseudolite troposphere
models by refining the value of 4,.

By definition, we designate the height atmospheric pres-
sure reaches 0 Pa as #,,, and the height where specific
humidity reaches 0 g/kg as h,..o. However, it’s important
to note that in reality, atmospheric pressure cannot reach
exactly 0 Pa, although it can approach very close to this
ideal value in certain situations.

ERAS is the fifth generation of ECMWF (European
Centre for Medium-Range Weather Forecasts) atmo-
spheric reanalysis of the global climate covering the period
from January 1950 to the present. ERAS provides hourly
estimates of a large number of atmospheric, land and ocea-
nic climate variables (Joaquin et al., 2021). ERAS includes
information about uncertainties for all variables at reduced
spatial and temporal resolutions. ERAS combines vast
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amounts of historical observations into global estimates
using advanced modeling and data assimilation system.
ERAS5 comprises 37 layers of atmospheric pressure data,
with the highest layer reaching a minimum value of just
1 Pa (Zhu et al., 2022). According to the Saatamoinen
model (SAASTAMOINEN, 1972), the maximum impact
of an atmospheric pressure of 1 Pa on tropospheric delay
does not exceed 2 mm. Therefore, the atmospheric height
at 1 Pa can be considered as #,,9. The height at which
the specific humidity at the grid point first reaches 0 g/kg
can be determined using ERAS data. By applying polyno-
mial fitting to the layered data in the vicinity of this height,
hyero can be obtained.

We select the ERAS global grid data (including geopo-
tential height, temperature, atmospheric pressure, and
specific humidity with resolution of 1°x1°) from 2020 to
2022, and analyze the relationship between the scaled
height (44,0 and hy. o), latitude and longitude, and the
day of the year (DOY). Atmospheric dry delay accounts
for 90 % of the total tropospheric delay, so it is important
to correctly estimate the atmospheric dry delay. Fig. 1
shows the relationship between 4, and latitude and lon-
gitude in different seasons.

From a global perspective (Fig. 1), the value of Ay,
ranges from 40,000 to 50000 m, and most grid points have
values larger than 42700 m, which also shows that the
direct selection of the fixed value of /4,0 = 42700 m will
cause a certain error. From the perspective of the whole
year, the value of 4, does not change much at the same
latitude and different longitudes. However, in April and
October, at the same longitude, the value of 4., gradually
decreases from the equator to the north and south, and is
roughly symmetrical along the equator. In January, at
the same longitude, the value of 4,4, gradually decreases

m x10*

Y January 1, 2021

180° 0°
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from the south to the north. In July, at the same longitude,
the value of £, gradually decreases from the north to the
south.

As can be seen from Fig. 1, using fixed empirical value
hawo globally can lead to errors in the tropospheric delay
model. In the annual time series, /4,0 also has a certain
trend of change. Therefore, it is possible to fit A4, using
annual and semiannual terms. By using the above ERAS
data from 2020 to 2022, we determine the mean values
(4o) as well as annual (4;,4;) and semiannual amplitudes
(A3,A4) for selected parameters kg0 on a regular 1°x1°
grid, as follows:

DOY
365.25

4m) + Ay cos (

DOY
365.25

471)

hdry,O = A() + Al COS (

DOY
+45 cos (33555

21) + A, sin (

DOY
365.25

27r) (10)

Where, DOY is the day of the year.

The relationships between /4,9, latitude and longitude
are not obvious (Fig. 2). From a global perspective, the
value of A, ranges from 0 to 12000 m, and most grid
points have values less than the experience fixed value.
Therefore, it is not proper to directly set /.o as 12000 m.
The daily variation of wet delay is pronounced, despite con-
stituting only 10 % of the total tropospheric delay. There-
fore, we calculated the annual average of 4, at each grid
point and used this value as the grid product.

2.3. Experimental data and evaluation method

Previous studies usually used the standard atmospheric
environment (Py = 1013.25 mbar, T, = 18 'C, H, = 50 %)
at sea level to compare different pseudolite tropospheric
delay models. However, in the actual use of the pseudolite
positioning system, the location of the pseudolite receiver

Fig. 1. The relationship between /%, and latitude and longitude in different seasons.
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m

Fig. 2. The relationship between A, and latitude and longitude in different seasons.

and meteorological parameters (atmospheric pressure, tem-
perature, and relative humidity) cannot be in standard con-
ditions. Therefore, it is necessary to evaluate the above
pseudolite tropospheric models in real situations.

In this paper, we have selected ERAS global grid data
spanning from 2020 to 2022. Using bilinear interpolation,
we have obtained the corresponding meteorological values
for the experimental areas. Such experiments using meteo-
rological values derived from real reanalysis data are inher-
ently more reliable than relying on a standard atmospheric
environment.

In order to better compare the results of the above pseu-
dolite tropospheric delay models in practical applications,
12 airports around the world were selected as experimental
areas (Fig. 3). Their corresponding latitude, longitude and
altitude are obtained from the official website.

Previous studies only evaluated the relative error between
different tropospheric delay models but did not get the abso-

lute error. The NWM ray-tracing method is a high-precision
electromagnetic wave delay correction method based on
Snell’s law, assuming that the tropospheric atmosphere is
spherically stratified (Landskron and Bohm, 2018; Zus
et al., 2021). By using ERAS reanalysis data to obtain the
meteorological data in the experimental areas, the reference
value of tropospheric delay in the experimental areas can be
obtained through the ray-tracing method, and the accuracy
of the above pseudolite tropospheric delay models can be
evaluated. Since both the pseudolite troposphere models
and the ray-tracing method use ERAS data, the impact of
diverse meteorological data on the results can be avoided.
Due to the influence of the curvature of the earth, the eleva-
tion angles of two points on the same ray on the earth are dif-
ferent. The schematic diagram of NWM ray-tracing method
is shown in Fig. 4.

When the altitude of the pseudolite and the receiver
together with the elevation angle from the pseudolite to

90°N —® . < 1200
CYLT
° 1000
LFPG
zATL 800
600
( ]
SBBR ] 400
FALE
200
o
SCRM | )
90°Ro° 90°W 0° 90°E  180° 0

Fig. 3. Global distribution of selected airports.
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Atmosphere
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h

o

Fig. 4. Schematic diagram of ray-tracing method.

the receiver are known, the elevation angle at the receiver
can be calculated by the following equation:

he = \J(r+ B +D* =2 x (r+ ) x D x cos(B+/2) — r

:\/(”+h)2+D2+2><(r+h)><D><sin[)’—r

(11)
And,

B.=p+0
= p +arcsin (D - sin(ff + n/2)/(r + 1))
= f + arcsin (D - cos /(r + h,.))

Where, D is the slant distance between the pseudolite sta-
tion and the user receiver, O is the center of the earth, r
is the mean radius of the earth, % is the altitude of the pseu-
dolite, 4, is the altitude of the receiver, f is the elevation
angle from the pseudolite to the receiver, 0 is the angle
between the pseudolite and the receiver and the earth cen-
ter, f, is the elevation angle at the receiver.

It should be noted that when the elevation angle
between the pseudolite and the receiver is very small, even
if the elevation angle is corrected, the ray-tracing difference
method still has a large error in calculating the pseudolite
tropospheric delay. Therefore, the following discussion
does not consider the case where the elevation angle is
too low (less than 5°).

(12)

3. Results and analysis

Firstly, we assessed the fitting performance of the pseu-
dolite troposphere dry and wet delay cutoff heights. Subse-
quently, the effectiveness of the refined models was
evaluated in the experimental regions of 12 airports.
Finally, we analyzed the characteristics of the refined pseu-
dolite troposphere models, considering aspects such as ele-
vation angle, slant distance, and seasonality.
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3.1. Evaluation of refined troposphere models for pseudolite
positioning system

Tropospheric delay is closely related to latitude and has
a lower correlation with longitude (Ding et al., 2023).
Therefore, we present the fitting results for five stations
uniformly distributed in latitude at the same longitude
(Fig. 5(a)-(e)). In the figure, the dark blue dots represent
the daily /g4, calculated from the ERAS data spanning
the years 2020 to 2022. The value of £, fitted according
to Eq. (10) describes the actual annual variation and
semi-annual cycle particularly well over the selected time
span (red lines). The purple line represents the fitting resid-
uals between the two. And, the light blue line represents the
fixed value /4,0 = 42700 used in the original models. It is
evident that there is a significant deviation between the
actual daily A4, o and the fixed value. The method proposed
in this article effectively fits the time series of /.. From a
global perspective, the fitting residuals are all less than
0.6 km, and the /4, obtained by fitting is not much differ-
ent from the actual cutoff height of dry delay (Fig. 5(f)).

hawo and h, o are globally expressed in the form of a
grid, and the resolution can be adjusted as needed. After
obtaining the five grid coefficients(4y ~ As) of kg4 and
the values of 4, for the four grid points around a station,
the values of 44, and h,,, at the station can be calculated
with bilinear interpolation.

To validate the stability of the gridded product provided
in this paper, we conducted gridded modeling of tropo-
spheric delay cutoff height using data from the three years
2020-2022 and the single year 2021. Additionally, we
selected the first day of each month from January to Octo-
ber 2023 (up to the present) to compare the three-year and
one-year gridded products. The experiment was conducted
in the previously mentioned 12 airports as the test area,
with the elevation angle between the pseudolite base station
and the receiver set at 45° and the slant distance set at
5000 m. We calculated the mutual differences by averaging
the results of the two gridded products for each station, as
shown in Figs. 6 and 7.

Fig. 6 shows that using the two gridded products, the
cutoff height for the dry delay (Fig. 6(a)) differs by only
about 60 m at most, and for the wet delay (Fig. 6(b)), the
variation is more pronounced, but the difference is still less
than 90 m. We believe that such small discrepancies are
acceptable compared to the dry delay cutoff heights of
40000-50000 m and wet delay cutoff heights of around
12000 m.

Fig. 7 indicates that using the two gridded products, the
maximum difference in tropospheric delay is less than
0.3 mm. Therefore, we believe that the duration of the fit-
ted data has a minimal impact on the results in this study.
For the subsequent analyses, we will utilize the gridded
products from the three-year dataset.

We selected ERAS data from January 1, 2023, to vali-
date the effectiveness of the proposed method. At present,
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Fig. 5. Fitting diagram of dry delay height. (a)-(e) The fitting situation of grid points on 180°E and different longitudes. (f) Annual average fitting

residuals.
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Fig. 6. Comparison of tropospheric fitting cutoff heights between three-year and one-year gridded products.

the signal service range of a single pseudolite base station is
approximately 5000 m. Therefore, in the experimental area
of the 12 airports, we selected the slant distance of 5000 m
between the pseudolite base station and the receiver. The
elevation angle varied from 5° to 90° with a 1° interval.

5023

In each elevation angle, the tropospheric delay was calcu-
lated using the method proposed in this paper and the orig-
inal models. The RMSE of the results at all elevation
angles was taken as the tropospheric delay error for each
station.
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Fig. 7. Comparison of tropospheric delay modeled using three-year and one-year gridded products.

The values of Ay, and A, o calculated by the grid and
the fixed values are substituted into the above tropospheric
delay models for comparison, and the results are shown in
Fig. 8. The results of the RMSE (root mean square error)
for different tropospheric delay models at each station
when the slant distance is 5000 m. It can be found that
the correction of 4, reduces the delay error of different
tropospheric models to a certain extent. The accuracy of
pseudolite troposphere models can be refined by using grid
interpolation to correct k., where the improvement
reaches 2.5, 3.2, 3.1 and 3.6 cm for the RTCA, MRTCA,
Bouska, and Hopfield model respectively. Compared to
the original models, the new models have improved by
17.1 %, 25.6 %, 23.3 % and 26.1 %, respectively.

3.2. Characteristics of refined tropospheric delay models for
pseudolite positioning system

3.2.1. Elevation angle related pattern

According to the principle of refraction, the degree of
refraction effect depends on the density of the medium
and the angle of incidence. Therefore, the elevation angle
of the line of sight affects the propagation path and delay
of the signal in the atmosphere, which in turn affects the
magnitude of the tropospheric delay error. Therefore, the
pseudolite tropospheric delay is related to the elevation
angle between the pseudolite station and the receiver.

Fig. 9 illustrates the pseudolite tropospheric delays cal-
culated from the five refined models and NWM ray-
tracing method at a slant distance of 5000 m, with the ele-
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vation angle varying from 5° to approximately 90°. When
the elevation angle is less than 5°, the ray-tracing method
cannot fully correct for the effect of the earth curvature,
so the results with the elevation angle less than 5° are not
compared.

Taking the RJTT station (Fig. 9(a)) and the KLAX sta-
tion (Fig. 9(b)) as examples, it can be observed that the
LTC model only takes into account the slant distance
and does not consider the elevation angle. When the slant
distance is 5000 m, the results of the LTC model are fixed
values, which are significantly larger than the true pseudo-
lite tropospheric delay. Compared with the accurate results
obtained by the ray-tracing method (‘Radiate’ in the Fig-
ure), the error of the LTC model gradually enlarges with
the increase of the elevation angle, while the errors of the
other four models exhibit patterns with elevation angle.

Fig. 9 (c) shows the RMSE of the five refined tropo-
spheric models at different stations using the pseudolite tro-
pospheric delay obtained by the ray-tracing method as the
reference true value. The RMSE of pseudolite tropospheric
delay is the statistical result at elevation angles range from
5°to 90°. At most stations, the LTC model performs signif-
icantly worse compared to the other models, except for the
station WSSS, FALE and SBBR. From Fig. 3, it can be
seen that these three stations are all located near the equa-
tor or in low latitude areas of the southern hemisphere.

'(a) RJTT, Slant Distance = 5000m
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According to the mean result of the RMSE of the tropo-
spheric delay at all stations, the LTC model has the worst
performance of more than 0.4 m. The other four models
have little difference of around 0.15 m, and the MRTCA
model is slightly better.

3.2.2. Slant distance related pattern

Unlike the GNSS system, the tropospheric delay
between pseudolite station and receiver changes with the
slant distance between them, even at the same elevation
angle. Figs. 10 and 11 show the relationship between the
pseudolite tropospheric delay and the slant distance when
the elevation angle is constant.

When the elevation angle is 5° and the slant distance is
from 0 to 5000 m (10 m as the interval), the results of the
above tropospheric delay models and ray-tracing method
at different stations are calculated respectively. From the
Fig. 10(a) and 10(b), we can find that the pseudolite tropo-
spheric delay is approximately linear with the slant distance
when the elevation angle is 5°. Compared with the results
of the ray-tracing method, the LTC model has overestima-
tion at different slant distances, and the RTCA, MRTCA,
Bouska and Hopfield models all have a certain degree of
underestimation.

Fig. 10(c) shows the RMSE of the different tropospheric
delay models at different stations, using the results obtained

(b) KLAX, Slaqt Distance = 5000m
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Fig. 9. The characteristics of refined pseudolite tropospheric delay changing with elevation angle.
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Fig. 10. The characteristics of refined pseudolite tropospheric delay changing with slant distance (Elevation angle = 5°).

by the ray-tracing method as the reference truth value. It can
be seen that the existing pseudolite tropospheric delay mod-
els have large differences in RMSE at different stations. Sta-
tions with small pseudolite tropospheric delay errors can
reach about 0.05 m using different models, while stations
with large pseudolite tropospheric errors have errors exceed-
ing 0.5 m. Comparing the mean RMSE of different pseudo-
lite tropospheric models at all stations, when the elevation
angle is relatively low, the LTC model has the smallest error,
with only about 0.04 m. The errors of the other four pseudo-
lite tropospheric models are not much different, all around
0.13 m. Among them, RTCA and MRTCA models are bet-
ter, and Bouska and Hopfield models are worse.

Fig. 11(a) and 11(b) show the relationship between the
pseudolite tropospheric delay and the slant distance when
the elevation angle is 80°. According to the pseudolite tropo-
spheric delay calculated by the ray-tracing method, it can be
found that when the elevation angle is relatively high, the
pseudolite tropospheric delay no longer increases linearly
with the increase of the slant distance. However, the current
pseudolite tropospheric delay models all assume that the tro-
pospheric delay is linearly related to the slant distance, which
will lead to a certain degree of error.

Similarly, the RMSE of different pseudolite tropo-
spheric delay models are also obtained according to the
results of ray-tracing method when the elevation angle is
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80° (Fig. 11(c)). Comparing the RMSE of different pseudo-
lite tropospheric delay models at all stations, the LTC
model has the largest RMSE reaching about 0.2 m, which
contradicts the case in lower elevation (e.g., 5°). Compared
with the performance at low elevation angle, the other four
pseudolite tropospheric delay models perform better at
high elevation angles. The RMSE of them are all around
0.1 m, of which the RTCA and MRTCA model have
higher accuracy.

3.2.3. Seasonal pattern

The RMSE of pseudolite tropospheric delay not only
varies with elevation angle and slant distance but also exhi-
bits seasonal fluctuations. Taking examples from the RITT
station in the northern hemisphere and the FALE station
in the southern hemisphere, Fig. 12 illustrates the relation-
ship between the RMSE of pseudolite tropospheric delay
and the seasons. It becomes evident that in the northern
hemisphere, the RMSE of pseudolite tropospheric delay
is smallest around January and reaches its peak around
August, while the reverse trend is observed in the southern
hemisphere. In general, global tropospheric delay errors
are more pronounced in summer and less prominent in
winter.

When calculating the tropospheric delay of pseudolites
at the same station across different months, we found that
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Fig. 11. The characteristics of refined pseudolite tropospheric delay changing with slant distance (Elevation angle = 80°).
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the tropospheric delay, calculated according to the model,
remains relatively consistent between different months,
with differences remaining within 0.1 m. However, the
pseudolite tropospheric delay computed using the ray-
tracing method is at its highest in summer and lowest in
winter, with variations between different months reaching
approximately 0.3 to 0.4 m. Consequently, the RMSE of
pseudolite tropospheric delay model demonstrates clear
seasonal variation. The seasonality in the pseudolite tropo-
spheric model primarily stems from meteorological param-
eters such as atmospheric pressure, temperature, and
relative humidity (Du et al., 2020; Ding et al., 2022; Klos
et al., 2023). Nevertheless, owing to factors like the accu-
racy of meteorological parameters and other variables,
the model still exhibits periodic residuals.

4. Discussion and conclusion

Tropospheric delay error is one of the important error
sources in the pseudolite positioning system. Unlike the
GNSS system, pseudolites cannot eliminate the effects of
tropospheric delays through differential positioning tech-
niques, so the accuracy of pseudolite tropospheric models
is critical for pseudolite positioning.

In recent years, several tropospheric models appropriate
for the pseudolite positioning system have been suggested.
However, these models have a limitation in which the key
parameters representing the upper boundaries for tropo-
spheric refraction are set to fixed experimental values. In
addition, past research of tropospheric delay models for
pseudolite positioning systems were simulated under stan-
dard atmospheric conditions at sea level, which differs sig-
nificantly from the actual application scenarios of
pseudolite positioning systems.

This paper focuses on investigating the spatiotemporal
characteristics of the upper boundary heights for hydro-
static and wet tropospheric delay. To achieve this, we uti-
lize ERAS global meteorological reanalysis data as the
basis for our study. Using a refined height boundary term,
we improve four existing tropospheric delay models for the
pseudolite positioning system. Taking the tropospheric
delay calculated by the ray-tracing method with the highest
accuracy as the reference value, we evaluated the perfor-
mance of the refined four pseudolite tropospheric delay
models and the LTC model (independent of height) from
different aspects. The following conclusions were reached:

(1) Using a fixed model scaling height (4.) at any loca-
tion in the world will introduce errors in the pseudo-
lite troposphere delay model. At the global 1°x1°
grid, the critical height of tropospheric hydrostatic
delay (h4,,) is modeled with respect to longitude, lat-
itude and the DOY, and the critical height of tropo-
spheric wet delay (/,.,0) is meant throughout the
year. The stations in the experimental area were inter-
polated using the grid model to obtain a new #,.
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Compared to using the fixed 4. o, the RMSE of differ-
ent tropospheric delay models (RTCA, MRTCA,
Bouska and Hopfield models) refined on mean by
about 2.5, 3.2, 3.1 and 3.6 cm, respectively. Com-
pared to the original models, the new models have
improved by 17.1 %, 25.6 %, 23.3 % and 26.1 %,
respectively.

(2) When the slant distance of the pseudolite base station

and the receiver is constant at 5000 m, the relation-
ship between the RMSE of different pseudolite tropo-
spheric delay models and the elevation angle are
compared. At different stations, the LTC model is sig-
nificantly worse because it is independent of elevation
angle. The results of the other four pseudolite tropo-
spheric models varied across stations. According to
the mean results at each station, the LTC model
has the worst performance, exceeding 0.4 m, the other
four models have little difference, all around 0.15 m,
and the MRTCA model is slightly better.

(3) The RMSE of pseudolite tropospheric delay is calcu-

lated according to the slant distance between the
pseudolite station and receiver, when the elevation
angle is constant. The RMSE of different pseudolite
tropospheric models vary widely from station to sta-
tion. At low elevation angles, the pseudolite tropo-
spheric delay is approximately linear with slant
distance and increases with slant distance. The
RMSE of the LTC model is the smallest, only about
0.04 m. The RMSE of the other four pseudolites tro-
pospheric models are not much different, all around
0.13 m. Among them, RTCA and MRTCA models
are better, and Bouska and Hopfield models are
worse. At high elevation angles, the pseudolite tropo-
spheric delay no longer increases linearly with slant
distance. At different stations, different pseudolite
tropospheric delay models have their own advantages
and disadvantages. The LTC model has the largest
RMSE, which can reach nearly 0.2 m. Compared
with low elevation angles, the other four pseudolite
tropospheric delay models perform better at high ele-
vation angles, and the RMSE are reduced to a certain
extent, about 0.08 m, among which the MRTCA
model has the highest accuracy.

(4) The RMSE of pseudolite tropospheric delay is at its

minimum in January and peaks in August when sta-
tions are located in the northern hemisphere. Con-
versely, in the southern hemisphere, the pattern is
reversed. Generally, global tropospheric delay exhi-
bits a larger RMSE in summer and a smaller one in
winter. The pseudolite tropospheric delay calculated
according to the models varies only slightly between
different months, remaining within 0.1 m. However,
the pseudolite tropospheric delay computed using
the ray-tracing method is at its highest in summer
and at its lowest in winter, with variations between
months reaching approximately 0.3 to 0.4 m. Conse-
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quently, the RMSE of the pseudolite tropospheric
delay model displays seasonal variation. In future
studies, a periodic term can be incorporated into
the original pseudolite tropospheric delay models to
correct for the seasonal variation of pseudolite tropo-
spheric delay errors.

From above, we highly recommend using the MRCTA
model due to its superior performance across diverse simu-
lation scenarios. This paper introduces the refined pseudo-
lite tropospheric models based on the ERAS dataset, with
NWM ray-tracing results serving as reference values.
Although this approach is optimal under the current condi-
tions, the accuracy of the ERAS dataset and NWM ray-
tracing method may still influence the results. The observa-
tional data in existing pseudolite positioning systems have
relatively short distances, resulting in minimal tropospheric
delay values. This limitation hinders the ability to validate
the impact of various refined models on positioning accu-
racy. In future research, we plan to assess the refined pseu-
dolite tropospheric models from the perspective of
positioning results to gain a more comprehensive under-
standing of their effects.
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