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<$�lC (RR FM) [1−3] �k�X���h.~��?~�a��*TF��Z
<)17~�JK�p?j�h.~�}'��1h./H�s.N��.AvJa��*�#jB
,%Z3dÆq"�13dJ^N��Kv�j\,���h.~�G�.FA:k�*Z3�h.'A#N�mE.�7/H�a��*G_���h.~��TYhHZ3qXr�,xzK�6��z='�O�z=ZÆf'|Æf*K��\��z=�GHz=E=�LZ�zv�A�j
F��z=��ZqG�40
F�LZ�#m�u
��85XGH�sz=�AZ�#+H3[�z=r(� 0J�'Vfd
VX��4��#J�'�y"lCr(X��"KTZ�#+HA_zvP3k�lCr(��TAh ±1σ(68%) x ±σy(τ)/
√

N ��a1 ZzvPÆflCJ� kn �� ±(kn · σy(τ))/
√

N A_ ±1σ(68%) Z�#+H�2s�G_���h.~��"?O�"a1Z�#+HA_zvPCf χ2 ~5\,A_ [2,4] �k�X8Y χ2 ~5A_z=�AZ�#+H�MP1h%℄��Tm�xK�%}Oj~�8Y x2 ~5A_�#+HZ8I<�
F��z=�A3qlC)nÆ℄��TmZA_�K�.p%\,&R~��xG_�h.~�zvZ3ok�:k�
2 �:[ χ

2 tCz\�%-JCa
χ2 sAymEOq��hZ�#J�A_T(7Y(z=��Z�#+H�uPG_�h.~��"?OZ�#+HA_zv�a�	.�!�8N Stable 32 �9Ou�zvA_z=�AZ�#+H�9>z=~5"Vm,Mx [2,4]

χ2 =
edf · s2

σ2
, (1)K�� s2 x9>z=� σ2 xwIz=� edf x℄��Tm
V�TVfd
V'lCr(1h�%V�3BhxyV�pY�#J� p �Y(�#+Hm,Mx

σ2
min = s2 ·

edf

χ2(p, edf)
, σ2

max = s2 ·
edf

χ2(1 − p, edf)
. (2)TK (2) m|�A_z=�AZ�#+H�MP1h%℄��Tm
V edf �Æf9>z=p�*AeXm�Z=~�qE~vO�XVf�\sk�z=�AZ�#m�b2u 0Æf9>.|kPsAlwZ�UqE{℄��Tm
V�9>z=Z�zv�A�Pp�Vf8Bq"Q�mbvO�XVfZeX#
�\B6k�z=�AZ�#m�

3 �_��VoCa^��|Æf��z='�O�z=Z ±1σ(68%) �#+H�/?Æf kn lCJ�Ah�s%gr(z=?9Ob<�KA_℄��Tm�"_�Greenhall [5] kF{B�8Y*�1�!
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3.1 �S�0N|?25
+�<W|hH
<)y V Z℄��Tmx

edf(V ) =
2(EV )2

var(V )
. (3)YP�8Y*�1�!z="VZ *_vm,Mx [5]

1

edf(V )
=

1

M



1 +
2

S2
z (0)

M−1
∑

j=1

(

1 −
j

M

)

S2
z (jδ)



 . (4)K��V xB���Ay� edf(V ) x V Z℄��Tm�M \�Ar('Vfd
VX��
M = 1+

[

S(N − L)

m

]�%� L =
m

F
+mdxyV�)yN �m�S �F �dZhH=%.�6Æ�

1) N x9>H	x τ0 Z�yVf
V�
2) m x 0J����z=�AG� 1 ≤ m ≤ int

(

N − 1

2

) ��O�z=�AG�
1 ≤ m ≤ int

(

N − 1

3

) �
3) S x6�J�� S = 1 Gx|Æf�A� S = m GxÆf�A�
4) F x�0J�� F = 1 Gx�\z=�A� F = m Gx|�\z=�A�
5) d x�y=~MV���z=�AG� d = 2 ��O�z=�AG� d = 3 �K (4) ��!z= Sz(t) x

Sz(t) = (∆τ∆
−τ )d∆ε∆−εSw(t) , (5)%��∆ ,M-�=~h_� ε = τ0 7 τ �p|�\z=� ε = τ0 �KG z(t) = ∆d

τx(t) �sp�\z=� ε = τ = mτ0 �KG z(t) = m∆d
τ x̄(t) �j4))nÆ�kFA z(t) xB�j~j��\�C�%�!z="Vx Sz(t) = E(z(u + t)z(u)) � Sw(t) Z.�\�y"lCr(X��L, 1 � ( 1 �)�j
n�tv3 Sw(t, α)[5]nEs) WH PM FL PM WH FM FL FM RW FM FW FM RR FM

Sw(t, α) −|t| t2ln|t| |t|3 −t4ln|t| −|t|5 t6ln|t| |t|7� � *_v8Y*�1�!z="VOB
w0B�ZzvA_z=�AZ℄��Tm�mOY��z=�Æf��z=��\��z=�GHz=E=�O�z='Æf�O�
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3.2 �.�+25
+�<ÆfhH��z=Z℄��TmmOÆKA_ [4,6−8]

edf(τ) ≈ b
T

τ
− c , (6)K�� T xGH1}��m� τ x 0GH�B�)nÆ� 0 < τ ≤

T

2
� b � c x\lCr(X�Z�V�%�L, 2 �pYe��lC�e�:)lC'e�
<W�lC�%℄��Tmm�K (6) A_�k�Xx2"VOYK (6) Zu�A_�JK�O�K 0.05 A_G�je��lC)nÆ� 0GHLÆ� τ ≥ 8τ0 �e�:)lC)nÆ� 0GHLÆ� τ ≥ 3τ0 �pe��lC'e�:)lC��z=�AZ℄G�Tm℄YÆf��z=�AZ�Tm
VE< 2 �T, 2 m|��z=pe��lC℄��TmZ�\"x���V τ = T/2 G�e��lCZ℄��Tmqx 3.0 �K (6) PB_℄b<�K�\ Monte-Carlo ��zvA_Za1V��&�K (6) Z�;�=`Y 1.2% �TK (6) m|��z=Z℄��TmQY��z=Z℄��Tm�S%P 0GHR�G��z=ZQO,���Kv� χ2 ~5"V?OqA_z=�AZ�#+H�sV 0GHR�G��z=�AZ~5"V>`Y�LZ χ2 ~5"V�uP�z=�A�#mR�Z�BaJ�( 2 �/A,36Æ,�=kO	{�Vτ = T/2 v36Æ,�= [4,6−8]nEs) WH FM FL FM RW FM

b 1.50 24(ln(2)/π)2 140/151

c 0 0.222 0.358

edf(T/2) 3.000 2.097 1.514�
3.3 �E℄.�+MuY.�+25
+�<�\�z=Z℄��TmmOÆKA_ [4]

edf(τ) ≈ b
T

τ
− c , (7)K���&GHq'� 0GHB�. 0 < τ ≤

T

3
��*�V b � c L, 3 �( 3 �F^/A,36Æ,�=kO	{ [4]nEs) WH PM FL PM WH FM FL FM RW FM

b 1.90 1.20 1.10 0.85 0.75

c 2.10 1.40 1.20 0.50 0.31



� 4 $ �!5�^�b�
H`���in���^��Un[B`℄�� 379�� TK (7) m|��\�z=��qE{ 0GHR�GZ℄��Tm�Kv�%~5"V\�z=~5"Vr℄�>`Y�LZ χ2 ~5"V�JK��\�z=
FZ�#+HA_U��R!R�GH�z=℄Y�\�z=BEB
�V τ2/3 �JK�GH�z=\�\�z=Z℄��Tm�q�
3.4 �I0e.�+25
+�<�O��z=Z℄��TmmOÆKA_ [9]

edf(τ) ≈
T/τ

b0 + b1τ/T
. (8)K���&GHq'� 0GHB�x 0 < τ ≤

T

3
��*�V b0 � b1 .�L, 4 �( 4 �J1f/A,36Æ,�=kO	{�Vv τmax = T/3 36Æ,�= [4,9]nEs) WH PM FL FM RW FM FW FM RR FM

edf b0 0.559 0.868 0.938 0.947 1.276
X b1 1.004 1.140 1.696 2.554 3.149

edf(T/3) 3.447 2.448 2.044 1.676 1.313��O�zv�Aqk��O�z=�# 0GHZ�#m�k�XV 0GHR�G�GH1}�?S
<e�lCN��JK�jA_�O��z=Z℄��TmG�[
F{
<e�lCZ�*�V�K (8) PBb<_℄�K�\ Monte-Carlo ��zvA_Za1V��&�K (8) Z�;�=`Y 10% �(�=
� 0J�ZqEsP`�A_�O��z=G� 0J�.�LÆ� m ≥ 16 ��pOY8BA_ZVf
Vi?��O��z=ZQO3���\�z='�\�z=Z~5"Vr℄��O��z=~5"V>`Y�LZ χ2 ~5"V�(%�tCm
� 0J�ZqEsqE�JK�8Y χ2 ~5A_Z�O��z=�#+H�R!R�T, 4 m|��O��z=℄��TmZk�P,��Z�%��e��lCZqI�"Q�V τmax = T/3 G�&��OX 3.447�je��lC)nÆ�\��z=�&��O�z=ZA_��QQP`��O��z=z%�2{�O�z=ZQ7~3��
3.5 �$[UB�Æ�OA_~�V9>
V N = 100 G���z=3qlC)nÆZ℄��Tm�
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F{V9>
V N = 100 G��z=3qlC)nÆZ℄��Tm�&R~�m|�p|Æf�As9�lCZ��e`�%℄��TmeQ�s�LZÆf�A'�zv�A\}�x�lCZ��e��%℄��TmeQ�u�Z�Æf�A'�LZ�zv�Ap��lC℄��TmZk�QY`�lC��zv�AZ℄��Tm (�z=e�lCHv) \Vfd
V' 0J�Z&�Az&�? edf ∝ N/m�pYe�lC (α ≤ 0) �Æf��z=��\��z='Æf�O�z=Z℄��Tm edf ≈ N/m�V 0J� m ≈ N/2G�|Æf��z='Æf��z=Z℄��TmP`x 1 �V 0J� m ≈ N/3 G��\��z=��O�z='Æf�O�z=Z℄��TmT_Y 1 �je��lC)nÆ�Æf��z=��z='Æf�O�z=Z℄��Tm8%<\ 0J����
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u 9—15 
F{V9>
V N = 100G��lC)nÆ3qz=Z℄��Tm�&R~�m|��zvZ℄��TmQY�L|�zvZ℄��Tm�peXlC�Æf'|Æf��z=�AZ℄��TmQY�L�O�z=�AZ℄��Tm�aJP\uM=~h_�&�9M=~h_dF{�rZVf�peXlC�Æf��z=�A'Æf�O�z=�AZ℄��TmQY�\��z=�AZ℄��Tm�(��e��=-eQ�Kv�jeXlC)nÆ�peXz=s9� 0GH'�#m}HPB
t��
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The Calculation and Analysis of the Confidence of

the Time-domain Frequency Stability

GUO Hai-rong1,2 � GUO Shu-ren3 � JIAO Wen-hai2

(1. Institute of Surveying and Mapping, Information Engineering University, Zhengzhou 450052, China; 2. P. O.

Box 5136, Beijing 100094, China; 3. Xi’an Research Institute of Surveying and Mapping, Xi’an 710054, China)

Abstract: The equivalent number of χ2 degrees of freedom (edf) for the overlapping and

nonoverlapping estimators of the Allan variance and the Hadamard variance, the modified Allan

variance and the related time variance is calculated from a combined algorithm based on its

generalized autocovariance function. The edf for the total estimators is calculated from the

empirical formulas
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in this paper. By comparison and analysis of the edf for all variances and all noises, some useful

conclusions are drawn: 1) The edf for the total estimators is larger than the edf for the corre-

sponding non-total estimators. And the edf for the overlapping and nonoverlapping estimator of

the Allan variance is also larger than the edf for the corresponding Hadamard estimator. 2) The

lower the Fourier frequency of the noise is, the larger the corresponding edf for the nonoverlapping

estimators. However, the higher the Fourier frequency of the noise is, the larger the correspond-

ing edf for the overlapping estimators and the total estimators. The improvement on the edf for

the higher frequency noise is better than that for the lower frequency noise in the overlapping

estimators and the total estimators.

Key words: time frequency; atomic frequency standard; stability analysis; confidence interval;

equivalent degrees of freedom (edf)
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